arXiv: 1507.04101vl [math.OA] 15 Jul 2015 


FRAMES AND OUTER FRAMES FOR HILBERT 
C* *-MODULES 

LJILJANA ARAMBASIC AND DAMIR BAKIC* 


Abstract. The goal of the present paper is to extend the theory of 
frames for countably generated Hilbert C*-modules over arbitrary C*- 
algebras. In investigating the non-unital case we introduce the concept 
of outer frame as a sequence in the multiplier module M{X) that has 
the standard frame property when applied to elements of the ambient 
module X. Given a Hilbert A-module X, we prove that there is a 
bijective correspondence of the set of all adjointable surjections from the 
generalized Hilbert space ^^(A) to X and the set consisting of all both 
frames and outer frames for X. Building on a unified approach to frames 
and outer frames we then obtain new results on dual frames, frame 
perturbations, tight approximations of frames and finite extensions of 
Bessel sequences. 


1. Introduction 


A Hilbert C^-module over a C'*-algebra A is a right A-module X equipped 
with an A-valued inner product (•, •) : X x X A such that A is a Ba¬ 
nach space with respect to the norm ||x|| = ||(x,x)|| 2 . Recall that the inner 
product on X has the properties 

(1) (x,x) > 0; 

(2) (x, x) = 0 X = 0; 

(3) {x,y + z) = {x,y) + {x,z)] 

(4) {x,ya) = {x,y)a] 

(5) {x,y) = {y,x)*; 

that are satisfied for all x,y,z G X and a € A. 

A Hilbert A-module X is said to be full if the closed linear span of the 
set {{x,y) : x,y G X} is all of A. We say that X is countably generated if 
there exists a sequence (x„)„ in X such that the closed linear span of the set 
{xnCL : n G N, a G A} is equal to X. A subclass AFG consists of algebraically 
finitely generated Hilbert A-modules, i.e., those X for which there exists a 
finite sequence such that X = {Yln=i^n0.n ■ cin £ A}. The most 

important examples of Hilbert C'*-modules over a C*-algebra A are: 
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• X = A with the inner product (a, 6) = a*b; 

• X = A^ = A 0 ... © A, E N, {N copies of A) with the inner 
product ((ai,...,aAr),(6i,...,6Ar)) = J2n=lKbn] 

• X = £^(A) - the generalized Hilbert space over A. Recall that £‘^{A) 
consists of all sequences (on)n of elements of A such that the series 

converges in norm, and the inner product on £^(A) is 
defined by {{an)n-, {bn)n) = ^n^n- Given a E A, we shall denote 

by E ^^(A) the sequence (0,... , 0, a, 0,...) with a on the n-th 
position and zeros elsewhere. 

If X and Y are Hilbert A-modules we denote by B(X, Y) the Banach space 
of all adjointable operators from X to Y. Given an adjointable operator T 
we denote by R(T) and N(T) the range and the null-space of T, respectively. 

For X G X and y E R let 9y^x € ]B(X, R) denote the map defined by 
(^y,x{z) = y{x, z), z G X. The linear span of all is denoted by F(X, R), 
while its closure is denoted by ]K(X, R). These two classes of adjointable op¬ 
erators are referred to as the classes of ” finite rank” and generalized compact 
operators, respectively. In the case Y = X we simply write F(X), ]K(X) and 
]B(X). 

For basic facts on Hilbert C'*-modules we refer the reader to [17, 18, 21, 
23]. 

Definition 1.1. Let R be a Hilbert C^-module. A (possibly finite) sequence 
{xn)n in A is called a frame for X if there exist positive constants A and B 
such that 

OO 

(1) A{x,x) <''^^{x,Xn){Xn,x) < B{x,x), Vx E A, 

n=l 

where the sum in the middle converges in norm. If only the second inequality 
in (1) is satisfied, we say that {xn)n is a Bessel sequence. The constants A 
and B are called frame bounds. If A = i? = 1, i.e., if 

CO 

(2) '^{x,Xn){Xn,x) = {x,x), Vx E A, 

71=1 

the sequence (x„)„ is called a Parseval frame for X. 

Notice that when we take for the underlying C'*-algebra of coefficients the 
field of complex numbers, i.e., when R is a Hilbert space, (1) becomes 

CO 

A||x|p < ^ |(x„,x)p < R||x|p, Vx E R, 

n=l 

which means that {xn)n is a standard Hilbert space frame. 

Frames for Hilbert spaces were introduced by R.J. Duffin and A.G. Schaef¬ 
fer in 1952. In 1980’s frames begun to play an important role in wavelet and 
Gabor analysis. Since then, frames are an important tool in both theoretical 
and applied mathematics. Frames for Hilbert C^-modules were introduced 
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by M. Frank and D. Larson; the basic modular frame theory is developed in 
[9, 10, 11]. In particular, it was proved in Example 3.5 in [10] that frames 
exist in every finitely or countably generated Hilbert C*-module. The proof 
is based on the Kasparov stabilization theorem ([23], Theorem 15.4.6). 

In the rest of this introductory section we summarize basic facts concern¬ 
ing modular frames. 

First, observe that we do not require in Definition 1.1 that X is a full 
Hilbert A-module. Also, the underlying C*-algebra A may be non-unital. 
When this is the case we can consider the minimal unitization A of A whose 
elements we write in the form a + Ae, a € A, A € C, where e denotes the 
unit in A. It is well known that X can be regarded as a Hilbert A-module 
with the same inner product and the action given by x{a + Ae) = xa + Xx 
for all X E X, a E A, and A E C. However, one should keep in mind that X 
is never full over A. 

Secondly, we point out that we assume the norm-convergence of the series 
in (1). Since in each C^-algebra a convergent series of positive elements nec¬ 
essarily converges unconditionally, we could index our frame by any count¬ 
able set instead of N. Observe also that the unconditional convergence of 
the series in (1) implies that the family {(x, Xn)(x„, x) : n E N} is summable 
in A for each x in X. 

Given a frame {xn)n for a Hilbert C^-module X, we define the analysis 
operator [/ : X —)• t'^(A) (resp. [/ : X —)• A^ if {xn)n=i is a finite frame) by 

Ux = {{Xn,x))n. 

It is well known that U is an adjointable map and that the adjoint operator 
U* - that is called the synthesis operator - is given by 


U*{{an)n) 


oo N 

'^Xnttn, resp. U*{{an)n=l) = ^x^o^. 

n=l n=l 


In particular, if A is unital, we have = Xn, n E N. Here and in the 

sequel we denote by e the unit element in a unital C*-algebra. 

Furthermore, the above defining condition (1) implies that U is bounded 
from below; hence, R(f7) is a closed submodule of £^(A). Using Corol¬ 
lary 15.3.9 from [23] we now have = R{U) © N([/*). Moreover, by 

[23, Theorem 15.3.8], the range of U* is also closed and since U is, being 
bounded from below, an injection, we conclude that U* is surjective. These 
properties imply that U*U is an invertible operator in ]B(X). 

In particular, note that the analysis operator [/ of a Parseval frame {xn)n 
is an isometry; hence, when this is the case we have U*U = I, where I is 
the identity operator on X. 
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We are now ready to state a result that provides the most fundamental 
property of modular frames. This was first proved by M. Frank and D. Lar¬ 
son for Hilbert C^-modules over unital C^-algebras, but it is easily seen that 
the result extends to the non-unital case too. 

Theorem 1.2. Let {xn)n be a frame for a Hilbert C*-module X with the 
analysis operator U. Then 

CO CO 

(3) X = '^Xn{iU*U)~^Xn,x) = '^{U*U)~^Xn{Xn,x), Vx G X. 

n=l n=l 

In particular, {xn)n is a Parseval frame for X if and only if 

CO 

(4) X = '^Xn{Xn,x), Vx G X. 

71=1 

Given a frame {xn)n for a Hilbert C^-module X, each sequence {yn)n that 
satisfies the equality 

CX> 

X = '^Xn{yn,x), Vx G X, 

71=1 

is called a dual of {xn)n- In general, a frame {xn)n niay posses many du¬ 
als. The first equality in (3) tells us that the sequence {{U*U)~^Xn)n is 
a dual of (xn)n- This sequence is called the canonical dual frame; namely, 
{{U*U)~^Xn)n is indeed a frame for X since is an adjointable sur¬ 

jection [2, Theorem 2.5]. 

Observe also that the first equality in (3) shows that each frame {xn)n 
for X generates X. In particular, a Hilbert C'*-module that admits frames is 
necessarily countably generated. Analogously, each Hilbert C*-module that 
possesses a finite frame is an AFG Hilbert C*-module. 

Theorem 1.2 is a natural generalization of the corresponding result for 
Hilbert spaces. However, further properties of modular frames cannot be 
derived by simply following the frame theory for Hilbert spaces. To see 
what the obstacles are, let us first note two basic facts concerning frames in 
Hilbert spaces. 

Remark 1.3. Let H be a Hilbert space. 

(a) Suppose that {xn)n is a sequence in H such that the series c„Xn 

converges for each sequence {cn)n G Then {xn)n is a Bessel 

sequence ([8, Gorollary 3.2.4]). 

(b) Each bounded surjection T G is the synthesis operator 

of some frame for H ([8, Theorem 5.5.5]). 

Unfortunately, both statements from the preceding remark can fail if the 
complex field is replaced by a general C*-algebra; that is, the above state¬ 
ments are not generally true for Hilbert C'*-modules. This is demonstrated 
by two examples that follow. First we need a lemma. 
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Lemma 1.4. Let A be a C*-algebra and let {tn)n be a sequence in the mul¬ 
tiplier algebra M{A) of A. The following two statements are equivalent: 

(a) The series is norm-convergent for each {an)n £ (‘^{A). 

(b) The sequence {Y^n=i^ntn)N is bounded. 

Proof. Let us assume (a). Then T : £^(A) —)■ A, T{fan)n) = is a 

well defined A-linear operator, where A is regarded as a Hilbert C^-module 
over itself. Consider also, for each N G 'N, the operators T/v : —)■ A, 

TN{{cLn)n) = Yln=i • Observe that T/v’s are adjointable operators; their 
adjoints are given by T^a = (t^a,..., 0,0,...), a G A. In particular, 

all T]\f are bounded. Obviously, the sequence (Tjv) 7 v converges to T in the 
strong operator topology. By the uniform boundedness principle there exists 
a positive constant M such that \\T]\f\\ < M for all N gN, and ||T|| < M. 
Recall now that for each t G M (A) we have 

Pll = sup{||fa|| : a G A, ||a|| < 1}. 

Fix N gN. Then for every a G A it holds 

N N 1 N 1 

||^t„Ca|| = ||T(r^a)|| < M||a*||^|| ^. 

n=l n=l n=l 

By taking supremum on both sides over all a G A, ||a|| < 1, we get 

N ^1 

II <M||^t„t; ", 

n=l n=l 

and hence 

N 

n=l 

Let us now suppose (b), that is, let J2n=i 'i-n'tn ^ some M > 0 

and all G N. Take any sequence {an)n G t'^(A). For e > 0 we can find 
Nq Gf^ such that 

N2 

N2> Ni> No^ ^ a*a„ < e. 

n=Ni-\-l 

From this we conclude, for all N 2 > Ni > Nq, 


N 2 

Ni 2 

N 2 

2 



— ^ ^ tnOin 


n=l 

n=l 

n=Ni+l 




N 2 

N 2 



— tntn 

E 



n=Ni+l 

n=Ni-\-l 



< Me. 
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where the first inequality above is obtained by applying the Cauchy-Schwarz 
inequality in the Hilbert C^-module Thus, tn«n)Af is a 

Cauchy sequence, and hence convergent. □ 

Example 1.5. Here we demonstrate an example of a sequence {xn)n in a 
Hilbert C^-module X over a C^-algebra A such that the series 
converges in X for all {an)n £ but which is not Bessel. 

Take an infinite dimensional separable Hilbert space H with an orthonor¬ 
mal basis (en)n- For n G N let e„ denote the one-dimensional projection onto 
the subspace spanjcn}. 

Consider X = M{H) as a Hilbert C^-module over itself. Obviously, 
X]n=i i® the orthogonal projection onto span {ei,..., cat}; thus, the 
sequence {J2n=i N is bounded. By the preceding lemma, the series 
converges for each sequence (a^jn £ £‘^{M{H)). However, (e„)n 
is not a Bessel sequence in X. Namely, if it were Bessel, that would imply 
that the series ^n){en, a) = converges in norm for each 

a G X. In particular, this norm-limit should coincide with the strong limit of 
the series 0 * 6^0 which is, obviously, equal to a*a. But, this is impos¬ 

sible for each non-compact operator a on H. So, if we put = Cn, n G N, 
the sequence {xn)n has the desired properties. 

Remark 1.6. A well-known result (the Heuser lemma) on square summable 
sequences of scalars states: if {cn)n is a sequence of complex numbers such 
that the series {{cn)n, {an)n) = Cn^n is convergent for each (an)n £ 

l'^(C), then (cn)n £ l'^(C). The preceding example shows that an analogous 
result does not hold in the generalized Hilbert space l'^(A). Namely, the 
sequence {xn)n from the preceding example has the property that the series 
{{Xn)n,{an)n) = is Convergent for each (a^jn G but 

{xn)n does not belong to £^(B(H)). 

Example 1.7. Here we demonstrate an example of an adjointable surjection 
from to a Hilbert A-module X which is not the synthesis operator of 

any frame for X. 

Consider an infinite dimensional separable Hilbert space H such that 
H = Hn, where dim Efn = 00 for each n G N. Note that the elements 

of H can be identified as sequences (^n)n such that G Hn, n G N, and 
< 00. Let X = IK(iL), where ]lC(iL) denotes the C^-algebra of 
all compact operators on H. 

Let Sn G M{H) denote the isometry with the final space iL„ for every 
n G N. Observe that s*Sn = e (e stands for the identity operator on ff), 
while SnS^ = Pn, where pn denotes the orthogonal projection onto Hn- Since 
the sequence {Yln=iPn)N converges to e in the strong operator topology, 
a standard argument shows that the sequence {'Ylin=iPno)N converges in 
norm to a for each compact operator a. Thus, for each a G ]K(iL) we have 
PnO- = a in the sense of norm-convergence. 
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Consider now 

CXD 

T : £^{K{H)) ^ K{H), T{{an)n) = 

n=l 

By Lemma 1.4, T is well defined. Moreover, T is an adjointable operator; 
its adjoint T* is given by 

T*a = {{sn,a))n = (Sna)n- 

Note that T* is well defined since we have, by the conclusion from the 
preceding paragraph, 

OO OD 

a*SnS*^a = a* ^^pnCi = a*a, Va G ]K(iL). 

n=l n=l 

This also shows that T* is an isometry; hence, T is a surjection. 

We now claim that there does not exist a frame {xn)n for X = ]K(Lf) whose 
synthesis operator is T. To see this, suppose the opposite: let {xn)n be a 
frame for X such that T{{an)n) = for each {an)n £ 

Then we have = Yl'^=i^nan for each {an)n G In 

particular, if we take arbitrary re G N, a G ]K(iL), and G 
we get XnCL = SnCL for all re G N and a G Since ]K(iL) acts non- 

degenerately on H, this is enough to conclude Xn = Sn for all re G N. But 
this is obviously impossible since each Sn is a non-compact operator. 

As the above two examples show, both statements from Remark 1.3 can 
fail in Hilbert C^-modules. We shall address these problems more thoroughly 
at the beginning of Section 3 and in Section 5 in the discussion following 
Remark 5.4. We will show that in the study of Hilbert C^-modules over non- 
unital C^-algebras some difficulties arise from sequences and operators with 
properties as in the preceding two examples and that these difficulties cannot 
be circumvented by simply adjoining the unit element to the underlying C*- 
algebra A and regarding the original Hilbert C*-module A as a module over 
the unital C'*-algebra A. 

The paper is organized as follows. In Section 2 we discuss further ba¬ 
sic properties of frames. In particular, we describe in Proposition 2.3 and 
Theorem 2.8 the interrelation of Parseval frames for a Hilbert C^-module X 
with increasing approximate units for ]K(A). 

In Section 3 we introduce the concept of an outer frame for a Hilbert 
C'*-module A, a concept that naturally fits into the picture when one stud¬ 
ies frames for Hilbert (P^-modules over non-unital C^-algebras. We show 
in Theorem 3.19 that there is a bijective correspondence of the set of all 
adjointable surjections from the generalized Hilbert space £^(A) to a Hilbert 
A-module A and the set consisting of all both frames and outer frames for 
A. 

In Section 4 we describe all frames that are dual to a given frame. It 
turns out that in these considerations one has to take into account outer 
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frames discussed in the preceding section. In particular, we describe in 
Theorems 4.6 and 4.14 (synthesis operators of) all frames and outer frames 
that are dual to a given frame or an outer frame. At the end of Section 4 
we discuss frames and outer frames with a unique dual. 

Section 5 is devoted to frame perturbations and tight approximations of 
frames. Again, outer frames naturally fit into the picture when discussing 
the non-unital case. After proving a perturbation result (Theorem 5.2), we 
obtain in Propositions 5.8 and 5.9 the best Parseval resp. tight approxima¬ 
tion of a frame or an outer frame in terms of the distance of the corresponding 
analysis/synthesis operators. 

Finally, in the concluding Section 6 we investigate finite extensions of 
Bessel sequences to frames and outer frames. In Theorems 6.1 and 6.7 we 
characterize those Bessel sequences that admit such extensions to frames. 

Throughout the paper A will denote an arbitrary C*-algebra. We do not 
assume that A is unital and this particular assumption will be explicitelly 
stated when needed. The multiplier algebra of A will be denoted by M(A). 
By an approximate unit for a C*-algebra A we understand a net {ex)x of 
positive elements in the unit ball of A such that lim;^ exa = a, for all a G A. 
Approximate unit is increasing if ex < whenever A < /i. Recall that a 
C'*-algebra A has a countable approximate unit precisely when it is cj-unital 
(i.e., when there exists a strictly positive element in A). 

Given a C'*-algebra A and the generalized Hilbert space £‘^{A) over A, we 
denote by coo(A) the set of all finite sequences in ^^(A), i.e. 

coo(A) = {{an)n : On G A, On = 0, Vn > for some N G N}. 

Clearly, coo(A) is norm-dense in 

We tacitly assume that the class of countably generated Hilbert C*- 
modules includes all AFG Hilbert C^-modules (and, obviously, when we 
work with finite frames for AFG modules the convergence questions become 
superfluous). We shall explicitelly indicate when a particular discussion is 
concerned with AFG modules exclusively. 


2. Basic properties and characterizations 

The frame condition (1) from Definition 1.1 involves two inequalities con¬ 
cerning order in the underlying C'*-algebra that are not always easy to verify. 
However, it turns out that it suffices to check the corresponding inequalities 
in norm ([2, Theorem 2.6] and [15, Proposition 3.8]). In fact, as we shall see 
in our Theorem 2.2 below, even more is true. Our hrst theorem is concerned 
with Bessel sequences. We show that, in order to prove that a sequence 
{xn)n in a Hilbert A-module X is Bessel, one has only to verify that the 
sequence {{xn,x))n belongs to £^(A) for each x £ X. 
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Theorem 2.1. Let {xn)n be a sequence in a Hilbert A-module X. Then the 
following two conditions are equivalent: 

(a) {xn)n is a Bessel sequence. 

(b) The series Yl^=i{^^^n){xn,x) converges for all x in X. 

If {xn)n is a Bessel sequence, its analysis operator 

U:X^f{A), U{x) = {{xn,x))n, 

is well defined and adjointable and the adjoint operator U* is given by 

OO 

(5) U*{{an)n) = Y.Xnan, y{an)nef{A), 

n=l 


where the series Y^^=iXn<in converges unconditionally for all {an)n £ I^{A). 
In particular, if {e\)x is an approximate unit for A, then U*e^^^ = XnCx 

and liniA U*e^^'^ = Xn for each n G N. Consequently, the sequence {xn)n 
is bounded and ||xn|| < ||1/|| for all n in N. Finally, if A is unital then 
Xn = for all n G N. 

Proof. Suppose that (b) is satisfied. Then the operator U : X ^ 

Ux = {{xn,x))n, is Well defined and A-linear. We now show that U has a 
closed graph. Let {y,{an)n) = linifc^oo(yfc, where yk,y G X, (a„)n G 

£^(A). For each m G N and all A: G N we have 


(Om {XmiUk}') (Om {XmiVk)) ^ ^ {Xn-iVk)^ (o-n {Xn-iVk)') 

n=l 

— {.iflnln bJyk, (an)n Uyk). 

Taking norms on both sides we get 

||®m (®m)2/fc)|| — ||(®n)n • 

By assumption {an)n = bnifc^oo Uyk and y = lim^^oo Uk, so we get 

am = lim {xm,yk) = {xm,y)- 
k^oo 

As m was arbitrary, this shows that {an)n = Uy. So, the graph of U is closed 
and hence t/ is a bounded operator. Now, by [19, Theorem 2.8], it follows 
that {Ux,Ux) < ||[/|p(x,x) for all x G X; thus, (x„)„ is a Bessel sequence. 

Let us now show, for each {an)n £ -^^(A), the unconditional convergence 
of the series x„a„. Take arbitrary finite set F C N and denote by |F| 
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the cardinality of F. Then 
2 


^ ^ XnOin 
neF 


= sup 


■ y ^ \\y\\ 

[ n&F ) 


< 


< 


sup IIE an(a;n,i/)|| -y&X, ||y|| < 1 I 

I nSF J 

(by applying the Cauchy-Schwarz inequality in 
sup 


S sup 


n£F 

'y ^ U^On 

n£F 


'^{y,Xn){xn,y) :yeX,\\y\\<l 

n&F 


'^{y,Xn){Xn,y) 


n=l 


■y^X, llyll < 1 


On«n|| sup{||C/?/f -.yeX, \\y\\ < 1} 

neF 


E 

n&F 


Ojr^ttn 


Since the series converges unconditionally, the family {a* : n G 

N} is summable. Hence, the inequality ^F^nttriW < IIZ^neF ®n®n|| 
that we have obtained for each finite subset F of N, shows summability of the 
family {x^On : u G N}, which is equivalent to the unconditional convergence 
of the series Xndn- 


It is now easy to prove that U is adjointable, since we now know that the 
operator given in (5) is well defined, and satisfies 

CO CO 

{UX, {cLn^n) — ^ Xn}dn — (x, ^ ^ XnCLn) — (x, U ((ci-n)n)) 

n=l n=l 

for all X G X and (an)n C £^(A). 

The remaining assertions are evident. □ 


A direct consequence of the preceding theorem is the following character¬ 
ization of frames for Hilbert C'*-modules. 


Theorem 2.2. Let (xn)n be a sequence in a Hilbert A-module X. Then the 
following two conditions are equivalent: 

(a) {xn)n is a frame for X. 

(b) The series Yl’yLi{x,Xn){xn,x) converges for all x & X and there 

exists a constant A > 0 such t/iat A||x|p < II 

all X in X. 


Proof. Immediate from Theorem 2.1 and [2, Theorem 2.6] (or [15, Proposi¬ 
tion 3.8]). □ 
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Another useful characterization of frames arises from a correspondence 
of Parseval frames for a Hilbert C*-module X with approximate units for 
]K(A). 

It is easy to check that, regarding a C^-algebra A as a Hilbert C'*-module 
over itself, a sequence {an)n of elements of A is a Parseval frame for A 
precisely when the sequence (Ylin=i ^ri^n)N is an approximate unit for A. 
This observation was extended in [16, Theorem 1.4] to a wider class of 
Hilbert C'*-modules. We show in the following proposition that it remains 
true for all Hilbert C^-modules. 


Proposition 2.3. Let X be a Hilbert C*-module. Then a sequence (xn)n 
of elements of X is a Parseval frame for X if and only if the sequence 
^)]\f is an approximate unit for'K{X). 

Proof. Suppose that {xn)n is a Parseval frame for X. Let = Yln=i 
G N. Obviously, 0 < < F^+i for all N gN. From 


N OO 

{FnX, x) = '^{X, Xn){Xn, x) < Xn){Xn,x) = {x, x), Vx G A, 

n=l n=l 

it follows Fpf < I for all A G N (where I denotes the identity operator on 
A). 

Let us now fix v and w from A. For any x G A we have 




N 

v{w, x) Xn{Xn, v){w, x) 

n=\ 

N 

V - '^Xn{Xn,v) 
n=l 




Since {xn)n is a Parseval frame for A, this shows, by the reconstruction 
property (4) from Theorem 1.2, that — Fj^iO^^^W — 0 as A ^ oo. 

Clearly, this implies \\9 — F]s[6\\ —)-0 as A —)-oo for each 9 G F(A). Finally, 
take arbitrary T G ]K(A) and e > 0. Then we can find 9 G F(A) such that 
jjr — 6*11 < |. Further, there exists Aq such that \\9 — Fi\f9\\ < | whenever 
A > Aq. Then, for each A > Aq we have 

||T - FnT\\ < \\T - 0|| + ||0 - Fn9\\ + \\Fn9 - FnT\\ <| + | + | = e, 

so (A/v)Ar is an approximate unit for ]K(A). 

To prove the converse, suppose that {'^n=i^x:n,xn)N is an approximate 
unit for ]K(A). Then 9y^y = limTv^oo En=i for each y G A. In 

particular, 

N 

^y,yiy) ~ Ji™ ^x„,xn(^y,y{y)-i Vy G A. 

N—^oo 

n=l 


( 6 ) 
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Recall from Proposition 2.31 in [21] that each x G X can be written in the 
form X = y{y,y) = dy,y{y) for some y G X. Then (6) becomes 

N 


X= lim > Xn{Xn,x), Vx G X, 
N—^co ^^ 
n=\ 

so by Theorem 1.2, {xn)n is a Parseval frame for X. 


□ 


The preceding proposition extends to arbitrary frames in a standard way 
(see also [16, Theorem 1.4]). In the corollary that follows we shall use the 
strict convergence in B(X) with respect to the ideal of generalized compact 
operators ]K(X). 

Corollary 2.4. Let X be a Hilbert C* -module. Then a sequence (x„)„ of 
elements of X is a frame for X if and only if the sequence if^n=i^xn,xn)N 
strictly converges to some invertible operator inM{X). 


Proof. Let (x„)„ be a frame for X and U its analysis operator. We ap¬ 
ply Proposition 2.3 to the Parseval frame {{U*U)~^Xn)n (the sequence 
{{U*U)~2Xn)n is indeed a Parseval frame for X, see [9]). By Proposition 2.3 
we conclude that the sequence ^ ,_i . ^ ,_i )at is an approxi- 

mate unit for ]K(X). From this we deduce that 0 i , . ^ )n 

strictly converges to the identity operator I. Since we have 
N N 


n=l 


{U*U)-^Xr,XU*Urhxn 


vxgn. 


n=l 


it follows that the sequence (X]^=i (^x„,xn)N strictly converges to the invert¬ 
ible operator {U*U)~^ G 1B(X). 

Conversely, if (En=i strictly converges to some invertible T G 

]B(X), then T is necessarily positive, so it follows that the increasing sequence 
(En=l strictly converges to the identity operator on X. In 

T ^Xn,T Xn 

other words, the sequence (X]^=i t~^ approximate unit 

for 1K(X). By Proposition 2.3 it follows that {T~"iXn)n is a Parseval frame 
for X. Finally, applying [2, Theorem 2.5], we conclude that {xn)n is a frame 
for X. □ 


Next we show that every countably generated Hilbert C^-module X ad¬ 
mits approximate units for ]K(X) of the form as in Proposition 2.3. In the 
proof we shall make use of the left Hilbert C'*-module structure on X arising 
from the action of generalized compact operators. 

Theorem 2.5. Let X be a countably generated Hilbert A-module. There 
exists a sequence {xn)n in X such that {Yln=i^^n,xn)N is an approximate 
unit for ]K(X). 
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Proof. Since X is countably generated over A, Proposition 6.7 from [17] 
implies that the C^-algebra ]K(X) is (i-unital. 

Now recall that X is also a full left Hilbert ]K(X)-module with the action 
{T,x) !->■ Tx, T E 1K(X), X E X, and the inner product [x,y] = 9x,y. The 
resulting norm k|| 3;|| = ||0x,x||2 coincides with the original norm on X that 
arises from the right module structure over A. 

We now apply Lemma 7.3 from [17] to the full left Hilbert ]K(X)-module 
X: there exists a sequence {xn)n in X such that the sequence Xn])N, 

that is, {Y^n=i ^xn,xn)N, is an approximate unit for ]K(X). □ 

Observe that the existence of frames in countably generated Hilbert C*- 
modules can now be reproved by using Theorem 2.5 and Proposition 2.3. 

We also have the following easy consequence of Theorem 2.5. 

Corollary 2.6. Let X be a countably generated Hilbert A-module. For each 
positive operator T E ]K(W) there exists a sequence {yn)n in X such that 
^ where this series converges in norm. 

Proof. Let T E ]K(X), T > 0. Using the approximate unit from the preceding 
theorem we have T 2 = liriipf^ooYln=i'^^^xn,xn- Multiplying by Tz from 
the right hand side we get T = limjv^oo Yln=i . This shows that 

{yn)n, where yn = T^Xn, n E N, is a sequence with the desired property. □ 

The following result shows that approximate units as in Theorem 2.5, 
although of a very special form, not only exist (provided that X is countably 
generated), but can be derived from any increasing countable approximate 
unit in ]K(X). To prove this, we first need an auxiliary result on approximate 
units in C'*-algebras. 

Lemma 2.7. Let {en)n be a sequence in a C*-algebra A such that 0 < Cn < 
Cn+i and ||en|| < 1 for all n E N. // there exists a subsequence of 

(en)n which is an approximate unit for A, then {en)n is also an approximate 
unit for A. 

Proof. Let a E A. First observe that limn^-oo ||ep(n)a — a|| = 0 implies 
lim^^oo ||a*ep(„)a — a*a|| = 0. Fix e > 0 and find no E N such that 
||a*ep(„)a — a*a\\ < e for all n > uq. Since (e„,)n increases and ||en|| < 1 
for all n, we have 

0 < a*a — a*ena < a*a — o*ep(^g)a, Vn > p(no), 
so 

(7) ||a*a — a*ena\\ < \\a*a — a*ep(„g)a|| < e, Vn > p{nQ). 

We now continue our computation in A, if needed. Observe that ||e —e„|| < 1 
for all n E N. Since 
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(7) gives US lim^^oo II« ~ enfl|| = 0. 


□ 


Theorem 2.8. Let X be a Hilbert A-module. 

(a) If a sequence is an increasing approximate unit for K(X) 

then there exists a sequence {xn)n in X and an increasing sequence 


of natural numbers {p{N] 


eS’ ■ 


^Xn^Xn 


- En 


and 

(b) If {xn)n is any sequence in X as in (a), then (x 
frame for X. 


N with the properties Yfn=i < En 

< E for all N £N. 

n)n is a Parseval 


Proof. To prove (a), suppose that {E]\f)j\f is an increasing approximate unit 
for ]K(X). By Corollary 2.6, there exists a sequence {ylfjn in X such that 
El = Find p{l) such that 


p(i) 

n=l 


< 1 . 


Put Xn = for n = 1, 2,... ,p(l) and Fp(i) = Then Fp(i) < Ei 

and ||P’p(i) — -Fill < 1. 

Now observe that Fp(i) < Ei < E 2 implies E 2 — > 0. Again by 

Corollary 2.6, there exists a sequence (y^)n in X such that E 2 — = 

1 O ..2 ,, 2 . Choose M such that 

*-^iL —1 hlniyn 


E2 - Fp(i) 


M 

n=l 



Denote p{2) = p{l) + M and = y^, n = 1,2,... ,M. Let Ep^ 2 ) = 

Ep{i) + Y.n=i ^yl,yl = En=i Then, by construction, we have Pp(2) < 

E 2 and ||-Fp( 2 ) - -F 2 II < \. 

Proceed by induction to obtain Fp(jv) = Yl^n=i ^x„,x„ with the properties 
Ep{N) < Em and ||.Fp(Ar) - -Fwll < 


Let us now prove (b). First note that 0 < -Fp(Ar) ^ Em implies ||-Fp(Ar)ll < 
II-FatII < 1 for all G N. By a routine approximation argument one shows 
that ||Fp(^)T — T|| —)■ 0 for each T G ]K(X), that is, {Ep(^M))N is an approxi¬ 
mate unit for K(A). 

Put Em = X^n=i ^xn,xn for each G N. Clearly, 0 < Em < -F/v+i and, 
because of Em < -Fp(Ar) < Em, we also have ||F 7 v|| < 1. By Lemma 2.7, 
{Fm)m is an approximate unit for ]K(X). Proposition 2.3 now implies that 
{xn)n is a Parseval frame for X. □ 


We end this section by an example of a Parseval frame for £^(A) (where 
A is an arbitrary cr-unital C^-algebra) and the corresponding approximate 
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unit for K.(£^(A)) that arises from Proposition 2.3. First we need a useful 
auxiliary result. 

Lemma 2.9. Let Y be a dense submodule of a Hilbert A-module X. Suppose 
that a sequence {xn)n in X has the property 

CO 

A{y,y) < '^{y,Xn){xn,y) < B{y,y), Vy G Y, 

n=l 

for some positive constants A and B. Then (xn)n is a frame for X with 
frame bounds A and B. 

Proof. Let us define Uq : Y ^ by Uoy = {{xn,y))n- Clearly, Uq is well 

defined, A-linear, bounded and bounded from below. Let U : X £^(A) be 
the continuation of Uq. Note that ||17|| = ||17o|| < y/B. Similarly, for x ^ X, 
if {yn)n is a sequence in Y such that x = lim^^ool/n) we have 

||17x|| = lim ||17oyn|| > hm v^||?/„|| = VA||x||. 

n^oo n^oo 

We now prove that U is an adjointable operator. First, put 

N 

U*{ai,...,aN,0,0,...) = '^Xnan, V(ai,..., oat, 0,0,...) G coo(A). 

n=l 

By a routine verification one shows that 

(8) {Uy,z) = {y,U*z), Vy G Y, Vz G coo(A). 

Suppose now that x = lim„^oo2/n with y„ G Y. Then, by (8), we have 
{Uyn,z) = {yn,U*z) for all n G N and z G coo(A). By letting n —>■ oo we 
obtain 

(9) {Ux,z) = {x,U*z), Vx G X, Vz G coo(A). 

We now show that U* is bounded on coo(A). Let z G coo(A). Then 

||[/*z|| = sup{||(x, C/* 2 ;)|| : X G X, ||x|| < 1} 

sup{||(C/x, z)|| : X G X, ||x|| < 1} 

< Vb\\z\\. 

This enables us to extend U* by continuity to .^^(A). It is now evident that 
(9) extends to the same equality that holds true for all x G X and z G 
Thus, U is an adjointable operator. Since Ux = ((xn,x))„ for all x G X 
and A.||x|p < ||17x|p < i?||x|p for all x G X, it only remains to apply 
Theorem 2.6 from [2]. □ 

Example 2.10. Let A be a u-unital C^-algebra and let (e^jn be an increasing 
approximate unit for A; put additionally cq = 0. Let 

fn — {pn f-n—l) ^ ) U G N. 
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Consider A as a Hilbert C^-module over itself. Since 

N N N 

= = = ViV E N, 

n=l n=l n=l 

we conclude from Proposition 2.3 that {fn)n is a Parseval frame for A. 

For n,j E N consider the system 

fn^ — (0, • • •, 0, fn, 0,...) E £^(A) {fn Oil j-tli position, O’s elsewhere). 

We will show that the system is a Parseval frame for t'^(A). 

Let us first organize our system into a sequence. This can be 

done in a standard way by enumerating elements along hnite diagonals of 
an infinite matrix starting from the upper left corner. Put 

p{m) = -m{m + 1), m = 0,1, 2,... 

and observe that each natural number n can be written in a unique way as 
n = p{m-l) + km, m E N, km & {1,2, ... ,m}. 


We now put 


Xn — Xp(^m-l)+km ~ fm+l-km^ n E N. 


This gives us a sequence 


f(l) f(l) f(2) ^(1) ^(2) r{3) ^(1) r{2) r{3) j(4) 

Jl ,J2 ’ll 1J3 1J2 ’ll ’14 ’I3 ’12 ’ll ’ 


Let US now show that 


( 10 ) 


y = '^Xn{Xn,y), VyEcoo(A). 


n=l 


Fix an arbitrary y = (ai, ..., am, 0,0, ...) E coo(A). Let e > 0. Since (/n)r 
is a Parseval frame for A, we can find A^o £ N such that 

N 

'y ^ fnifn, 0,i) 


( 11 ) 


N> No 


n=l 


< —, Vi = 1, 2,..., m. 


m 


For such A^o consider p(A^o + ^)- We now claim that 


( 12 ) 


N > p{No + m) ^ 


N 

y - '^Xn{Xn,y) 

71=1 


< e. 


To show this, first observe that each term in the sum Yln=i^n{xn,y) is of 
the form (^ff^\y'^ which is in fact {fj{fj,ak))^^^ - an element of f'^(A) 

with fj{fj,ak) on A:-th position and O’s elsewhere. 

Let us first prove (12) for N = p{No + m). Since in this case we have 
N = p{No+m — l) + {No+m), the last Ao+m members among xi,X 2 , ■ ■ ■ ,xm 


„( 1 ) Am) ANo+m) 

lATo+m’ ■ ■ ■ ’ iNo+l’ ■ ■ ■ ’ 11 


are 
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Thus 

N 

y -'^Xn{xn,y) 

n=l 


< 


No+m 

'y ^ /n(/n)®l) 


+ 


No+m—1 

02 y ^ fnifm O2) 


n=l 

Nq+I 

+ ...+ I -E fnifn 1 ^m/ 

n=l 


n=l 


(11) £ e £ 

<-1-h-.-H- = £■ 

mm m 

Next we prove (12) for N > p{Nq + m). By the same reasoning as above 
we get natural numbers A^i, iV 2 ,..., Nm > -Nq such that 


N 


y -'^Xn{xn,y) 


n=l 


< 


Ni 


n=l 


+ 


Ol ^ ^ /n(/n; Ol) 
Nrr. 


N 2 

0-2 y ^ fnifm O2) 
71=1 


+ ...+ 


dm. -2^ Inxln-} ^771/ 
71 = 1 


( 11 ) £ £ £ 

<- 1 -- = £■ 

mm m 

This proves (10). In particular, by taking inner products by y in (10) we 
obtain 

00 

(13) {y,y) = 'y2iy^Xn){xn,y), VyGcoo(A). 

n=l 


The desired conclusion, namely that {xn)n is a Parseval frame for l'^(A), now 
follows directly from the preceding lemma. 

Observe that the same construction can be done starting from an arbitrary 
Parseval frame {fn)n for A - one can easily check that all the above arguments 
apply without changes. 


By Proposition 2.3 we now know that the sequence {Yln=i^xn,xn)N is 
an approximate unit for ]K(£^(A)). Since each subsequence of an approx¬ 
imate unit is an approximate unit itself, we conclude that the sequence 
)Ar is also an approximate unit for ]K(.^^(A)). 

Finally, note that the operators T/v = ^2^=1 ^x„,xnj N gN, are in fact of 
a very simple form. Indeed, by an easy computation one gets 
N N-1 

TN{{an)n) = {J2fnai, ^ 7^02, ... ,/i otv, 0, 0,...), V(an)n E ^^(A); 

71 = 1 71 = 1 

in other words, 

TN{{an)n) = (eATOi, eAr_ia 2 , . . . , eiOAr, 0, 0, . . .), \/{an)n G ^^(A). 
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3. Outer frames 

Recall from the introduction that each frame {xn)n for a Hilbert A-module 
X gives rise to an adjointable surjection (namely, the corresponding syn¬ 
thesis operator) from £^(A) to X. We open this section with the converse 
statement - a fact that is, although simple, of great importance in frame 
theory. We point out that here the underlying C*-algebra A must be unital 
(cf. Example 1.7). 

Proposition 3.1. Let X be a Hilbert C*-module over a unital C*-algebra 
A and let T G X) be a surjection. Then there is a frame {xn)n for 

X whose synthesis operator is equal to T. 

Proof. Put Xn = n G N. By [2, Theorem 2.5], the sequence (x„)„ is 

a frame for X. Denote the corresponding analysis operator by U. Then we 
have, for all a: G Ai and n G N, 

(t/*e(fo,x) = (efo),Hx) = {xn,x) = {Te^^\x), 
which implies U* = T. □ 

In order to obtain the non-unital version of Proposition 3.1, recall that 
each Hilbert C^-module X over a non-unital C*-algebra A can be regarded as 
a Hilbert C^-module over a unital C'*-algebra A. Since frames for a Hilbert A- 
module X and frames for a Hilbert A-module X coincide, we conclude from 
Proposition 3.1 that each surjection in ]B(f^(A),X) serves as the synthesis 
operator of some frame for X. 

In some situations this conclusion enables us to reduce the non-unital case 
to the unital one. However, as we shall see in the subsequent sections, this 
still does not resolve the difficulty observed in Example 1.7. Namely, there 
are surjections from B(^^(A),X) which cannot be extended to adjointable 
operators from £^(A) to X (which is precisely the case with the surjection 
T from Example 1.7). On the other hand, such surjections, as the same 
example indicates, might be associated with sequences that behave as frames 
and the only difference is that the members of such frame-like sequences need 
not belong to the original module X. 

The preceding discussion suggests that our study of frames for Hilbert C*- 
modules over non-unital C'*-algebras requires a more general setting. Thus, 
we shall extend our considerations to multiplier Hilbert C*-modules. 

To avoid unnecessary complications, we shall restrict ourselves in the 
analysis that follows to infinite sequences. At the end of this section we 
shall make appropriate comments on the corresponding results concerning 
finite frames. 

First, in the remark that follows, we include for reader’s convenience the 
most important facts concerning multiplier Hilbert C'*-modules (see [5] and 
[ 6 ]). 
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Remark 3.2. Let X be a Hilbert A-module. 

(a) There exists a Hilbert M(A)-module M{X) containing X as the ideal 
submodule associated with the ideal A in M(A); i.e., X = M(X)A. It turns 
out that 

X = {xe M{X) : {x,v) G A, Vn G M(X)}. 

The extended module M (X) is called the multiplier module of X. It is known 
that M(X) can be naturally identified with ]B(A, X). If A is unital, or if X 
is AFG, M{X) coincides with X. For each v G M(X) we have 

||n|| = sup{||na|| : a G A, ||a|| < 1} = sup{||(n,x)|| : x G X, ||x|| < 1}. 

In particular, if A is a C^-algebra and if one takes X = A, then it turns out 
that the multiplier module M{X) coincides with M(A). 

(b) The strict topology on M(X) is locally convex topology generated by 
the family of seminorms v i-G ||ua||, a G A, and v ||(n,x)||, x G X. The 
multiplier module M{X) is complete with respect to the strict topology. 
If (eA)A is an approximate unit for A, then each v G M(X) satisfies v = 
(strict) limA uca. Hence, X is strictly dense in M(X). In fact, M{X) is the 
strict completion of X. 

(c) For the generalized Hilbert space ^^(A) over A we get 

{ OO 

(cn)n £ M(A)^ ; c^Cn Converges strictly 

n=l 

and the M(A)-valued inner product on M(£^(A)) is given by 

OO 

((Cn)n) (dn)n) — (strict) ^ ^ C^dn- 

n=l 

The set coo(Af(A)) of all finite sequences of elements of M{k) is strictly 
dense in M(£^(A)). 

(d) If y is a Hilbert A-module, each operator T G ]B(X, Y) has an exten¬ 
sion Tm G B(M(X), M(y)). The extended operator Tm is obtained as the 
strict continuation of T ; hence, it is uniquely determined. The map T i—)• Tm 
is a bijection of B(X, y) and B(M(X),M(y)) such that \\Tm\\ = HTH and 
{TmT = {T*)m for all T in B(X,y). 

We now introduce the concept of an outer frame for Hilbert C^-modules. 
In comparison with frames for X the difference is that the elements of an 
outer frame for X are merely members of a larger module M(X) and need 
not belong to X. 

Definition 3.3. Let X be a Hilbert C^-module. A sequence {vn)n in M{X) 
is called an outer frame for X if G M(X) \ X for at least one n G N, and 
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if there exist positive constants A and B such that 

CXD 

(14) A{x,x) <'^^{x,Vn){Vn,x) < B{x,x), Vx G X, 

n=l 

where the series {vn, x) converges in norm of A. 

A = B = 1, the sequence {vn)n is called an outer Parseval frame for X. 
A sequence {vn)n is said to be an outer Bessel sequence if only the second 
inequality in (14) is satisfied. 

Notice that each (u„,x) belongs to A for every x G X, even for those n 
for which Vn G M{X) \ X; this is a consequence of Remark 3.2(a). 

We also note that outer Parseval frames (though, not under that name) 
appeared already in [20] in the context of a generalized version of Kasparov’s 
stabilization theorem. 

Remark 3.4. By definition, outer frames do not exist if X is strictly complete, 
i.e., if Mix) = X (by Remark 3.2(a), this is the case when A is unital, or 
when X is AFG). 

If X is a countably generated Hilbert A-module such that M(X) 7 ^ X 
then outer frames exist in abundance. To obtain an outer frame for X we 
can simply add any vector from M(X) \ X to an arbitrary frame for X. 

Let us now show that the sequence from Example 1.7 is an outer frame. 

Example 3.5. Let us keep the notations from Example 1.7. We have seen 
that limjv^oo ||o — Ylin=iPnO-\\ = 0 for each a G 'K{H). This conclusion can 
be rewritten in the modular context in the form 

N N Qo 

a= lim lim a) = Sn(s„, a), 

TV—^CO ^ ^ TV—^■OO * ^ ^ 

n=l n=l n=l 

with the norm convergence of the series at the end (recall that the norm on 
the Hilbert ]K(H)-module ]K(H) coincides with the original, i.e., operator 
norm on IK(i7)). By taking the inner product of both sides by a we get 

CXD 

{a,a) = '^{a,Sn){sn,a), Va G 1K;(H). 

n=l 

Thus, isn)n is, being a sequence in M{H) \ ]K(77), an outer Parseval frame 
for KiH). 

We begin our study of outer frames by introducing their analysis and syn¬ 
thesis operators. It turns out that these operators have the same properties 
as the corresponding operators for frames. 

Proposition 3.6. Let (vn)n an outer frame for a Hilbert A-module X. 
Then its analysis operator 

U:X^i\A), U{x) = {{Vn,x))n, 
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is well defined, adjointable and bounded from below. The synthesis operator 
U* is surjective and satisfies 

OO 

U*{{an)n) = '^Vnan, ^{an)nef{A), 

n=l 

where this series converges in norm. 

Proof. By defining inequalities (14), the operator U is well defined, A-linear, 
bounded by \/B, and bounded from below by ^/A. Let us show that U is an 
adjointable operator. For N G N and any y = (oi,... , oat, 0,.. .) G coo(A), 
we put 

N 

[/*((oi,...,a7V,0, ...)) = '^VnUn. 

71=1 

Observe that all belong to X since M{X)A = X (see Remark 3.2(a)). 
By a routine verification one concludes that 

(15) {U*y,x) = {y,Ux), Vx € X, Vy G coo(A). 

We now claim that U* is bounded on coo(A). Indeed, we have for each 
y G Coo (A) 

sup{||(C/*y,x)|| :xGX, ||x|| < 1 } 
sup{||(2/,17x)|| :xGX, ||x|| < 1 } 

Vb|M|. 

This enables us to extend U* to all of £^(A) by continuity. Moreover, one 
easily concludes that equality (15) extends then to 

{U*y,x) = {y,Ux), Vx G X, yyGf{A). 

This proves that U is an adjointable operator. The preceding discussion also 
shows that U* is given by U*{{an)n) = for all {an)n G f‘{A). 

Since U is bounded from below, U* is surjective. □ 

An immediate consequence of (the proof of) the preceding proposition is 
the corresponding statement concerning outer Bessel sequences. 

Corollary 3.7. Let {vn)n be an outer Bessel sequence for a Hilbert A-module 
X. Then its analysis operator 

U:X^£\A), U{x) = i{Vn,x))n, 

is a well defined adjointable operator. The synthesis operator U* satisfies 

OO 

U*{{an)n) = '^Vnan, V(an)n G ^^(A), 

71=1 

where this series converges in norm. 


U*y\\ = 

(IJ) 
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As we shall see, outer frames for a countably generated Hilbert A-module 
X are exactly what one should add to the set of all frames for X in order 
to establish a bijective correspondence with surjections from B(t'^(A),A). 
To do that, we need a unified approach to frames and outer frames, and it 
turns out that this can be done by using another new concept: strict frames 
for multiplier Hilbert C^-modules. 

Definition 3.8. Let X be a Hilbert A-module. A sequence {vn)n in the 
multiplier module M{X) is called a strict frame for M{X) if there exist 
positive constants A and B such that 

oo 

(16) A{v,v) < (strict) Un)(un, u) <B{v,v), Vu E M(X). 

n=l 

UA = B = 1, i.e., if 

OO 

(17) (strict) ^{v,Vn){vn,v) = {v,v), Vu E M(X), 

71=1 

the sequence {vn)n is called a strict Parseval frame for M{X). 


Example 3.9. Let A be a non-unital C'*-algebra. Then the sequence (e^’^^)n 
is a strict Parseval frame for the multiplier module This follows 

immediately from Remark 3.2(c). 

Proposition 3.10. Let X be a Hilbert A-module. Every strict frame for 
M{X) is a frame or an outer frame for X. 

Proof. Let {vn)n be a strict frame for M[X). By definition of the strict 
convergence in M(A) this implies that the series Vn){vn, v)a is norm 

convergent in A for all a E A. Then the series Y^^=i{'^^Hn){vn,va) is norm 
convergent for all v E M{X) and a E A. Since, by Proposition 2.31 from [21], 
each X E X can be written in the form x = va for some u E X and a E A, 
the preceding discussion shows that the series converges 

in norm for every x E X. Now, if each Vn belongs to X then {vn)n is a frame 
for X, and if some Vn is in M(X) \X then {vn)n is an outer frame for X. □ 


Remark 3.11. If X is a strictly complete Hilbert C'*-module, i.e., if M(X) = 
X (for example, when A is unital or X is AFG), the preceding proposition 
implies that strict frames are simply frames for X. 

We begin our study of strict frames by showing that the conditions in the 
definition of a strict frame can be relaxed in a manner similar to that in 
Theorem 2.2. 

Theorem 3.12. Let X be a Hilbert A-module and let {vn)n be a sequence 
in M{X). Then the following two conditions are equivalent: 
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(a) {vn)n is a strict frame for M(X). 

(b) The series '^'^=i{v,Vn){vn,v) converges strictly for all v in M{X) 

and there is A > 0 such that < ll(strict) 

for all V in M{X). 

If {vn)n is a strict frame for M{X), its analysis operator 

(18) U : M{X) ^ M{i\A)), U{v) = {{vn, v))n, 

is well defined, adjointable and bounded from below. The synthesis operator 
U* is surjective and satisfies 

OO 

(19) U*{{bn)n) = (strict) V( 6 h)„ G M{f{A)). 

n=\ 

In particular, Vn = U*e^^'l for all n G N. 

Proof. Let us first make an observation concerning elements of M(£^(A)). 
For each {bn)n G M(£^(A)) we know that b := (strict) Yl^=iKiIri exists, 
which means that for all a G A the series and 

converge in norm to ab and ba, respectively. In particular, if we assume 
that A is faithfully and non-degenerately represented on some Hilbert space 
H, then the series Kfin also converges to b in the strong operator 

topology. This, in particular, implies that X]n=i < b and, consequently, 
WELiKbnW < ||f>|| for alliVGN. 

Let us now assume (b). 

By the first assumption in (b), the operator U : M{X) M(£^(A)), 
bl{v) = {{vn,v))n, is well defined and M(A)-linear. By applying the closed 
graph theorem, precisely as in the first part of the proof of Theorem 2.1, 
one shows that U is bounded. Put \\U\\‘^ = B. 

As in the proof of Proposition 3.10 we observe that Ux G t'^(A) for each 
X & X. Thus, the restriction Ux oi U to X takes values in Since 

norms on M{X) and M(£^(A)) extend the original norms on X and f’^(A), 
respectively, we also have ||17x2;|| < \/H||a;|| for all x G X. 

We now prove that U is an adjointable operator. Let us first define U* 
on finite sequences by putting U*{bi,..., bx,0, ■ ■ ■) = Yln=i '^nbn for each 
( 6 i,..., 67 V, 0,...) G coo(M(A)). In particular, we have = Un,n G N. 

By a routine computation one finds 

(20) {z,Uv) = {U*z,v), Vz G coo(M(A)), Vu G M(X). 

We now claim that U* is bounded on coo(Tf(A)). Indeed, we have for each 
z G coo(M(A)) 

sup{||(C/* 2 ;,u)|| : v G M{X), ||u|| < 1} 
supjlKz, f7u)|| : V e M{X),\\v\\ < 1} 
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Next we claim: if we have z E M(£^(A)) and a net ( 2 ;a)a in coo(M(A)) 
such that z = (strict) limA 2 :a, then there exists (strict) limA C/* 2 ;a in M{X). 
By Remark 3.2(b) it is enough to prove that {U*z\)\ is a strictly Cauchy 
net. This means that {{U*z\)a)\ and {{U*zx,x))\ should be Cauchy nets, 
for all a E A and x E AT. 

First, for each a E A and A, /x, we have 

\\{U*Zf,)a - (17*2:a)o|| = \\U*{z^a - zxa)\\ < ^/B\\Zl,a - zxa\\. 

This is enough, since {zxo)x is a norm convergent net. 

Secondly, for each x E X, we have {U*zx,x) = {zx,Ux)‘, but {{zx,Ux))x 
is a convergent net since Ux £ £^(A). 

Let us now fix an arbitrary z = ( 6 i, 62 , ^ 3 , ■ • •) £ M(t'^(A)). By Re¬ 
mark 3.2(c) we have z = (strict) limTv^oo-SiV with zn = By 

the preceding paragraph there exists (strict) limjv^oo in M{X) and 

we denote this limit by U* z. 

Let us now prove that {z,Uv) = {U*z,v) for all v E M{X). 

First, for each o E A we know by (20) that a{zN,Uv) = a{U*ZN,v) for 
all V E M{X). This implies 

(21) {zNa*,Uv) = {{U*ZN)a*,v), Vo E A, Vu E M(X). 

Since H^Ara* — za*\\ —)• 0 as X tends to infinity, the left hand side in ( 21 ) 
converges to {za*, Uv). On the other hand, \\{U*ZN)a* — {U*z)a*\\ —>■ 0 as X 
tends to inhnity; hence the right hand side in (21) converges to {{U*z)a*, v). 
Thus, by letting X —>■ 00 in (21), we obtain 

a{z,Uv) =a{U*z,v), Vo E A, Vu E M(X) 

or, equivalently, 

a{{z,Uv) - {U*z,v)) =0, VoEA, Vu E M(X). 

This is enough to conclude {z,Uv) = {U*z,v) for each v E M(X). As z 
was arbitrary element of M(£^(A)), we have finally proved that U is an 
adjointable operator. Recall that U* is given by 

N N 

U*{bi,b 2 ,b 3 ,...) = (stiict) lim U*(^ = (strict) lim Vnbn 

N^oo N—>-oo 

n=l n=l 

for each ( 61 , 62 , & 3 , • • •) £ M{£‘^{A)). In other words, 

00 

U*{bi,b 2 ,b 3 ,...) = (strict) V( 6 i, 62 , & 3 , • • ■) G M{f{A)). 

n=l 

Furthermore, U* is, being adjointable, norm-continuous. Since for each 
(oi, 02 , 03 ,...) E ^^(A) we have ( 01 , 02 , 03 ,...) = limAr^ CXD with 

convergence in norm, this gives us [/*(oi, 02 , 03 ,...) = where 

this series converges with respect to the norm. Hence, Ux ■ X —)• t'^(A) is 
also an adjointable operator and we have inequalities 

A\\vf < \\Uvf < B\\vf, Vu E M(X), 
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Proposition 2.1 from [2] now implies 

OO 

A{v, v) < (strict) '^{v,Vn){Vn,v) < B{v,v), \/veM{X), 

n=l 

OO 

A{x,x) < ''^^{x,Vn){vn,x) < B{x,x), Vx G X. 

n=l 

In particnlar, since U and Ux are bounded from below, U* and (Ux)* are 
surjective. □ 


Proposition 3.13. Let X andY be Hilbert C*-modules andT £M[M{X),M{Y)). 
Then T maps strict frames for M{X) to strict frames for M{Y) if and only 
ifT is surjective. 

Proof. Let {vn)n be a strict frame for M{X) and T € M{M{X),M{Y)) a 
surjective operator. Denote by A and B the frame bounds of {vn)n- Since T 
is a surjection, T* is bounded from below, so there exists m > 0 such that 
||r*t(;|| > m||t(;|| for all w G M{Y). Let Wn = Tvn, n G N. Observe that, for 
each w G M{Y), we have {w,Wn){wn,w) = {T*w,Vn){vn,T*w). Therefore, 
there exists (strict) Moreover, for each w G M{Y), 

OO 

(strict) '^{w,Wn){wn,w) 


> 

By Theorem 3.12, {wn)n is a strict frame for M(Y). 

Conversely, suppose that T G M{M{X),M(Y)) preserves strict frames. 
So, if {vn)n is a strict frame for M{X), then {Tvn)n is a strict frame for 
M(Y). If U is the analysis operator for {vn)n, then UT* is the analysis 
operator for {Tvn)n, so TU* is the corresponding synthesis operator. By 
Theorem 3.12, TU* is surjective; hence, T must be surjective. □ 

As a direct consequence we now get an analog of Proposition 3.1 for strict 
frames. Note that here we do not need any assumptions on the underlying 
C*-algebra A. In fact, when A is unital the statement of the following corol¬ 
lary reduces, due to Remark 3.11 and Remark 3.2(a), to Proposition 3.1. 

Corollary 3.14. // T G M{X)) is a surjection, then there 

exists a unique strict frame for M{X) whose synthesis operator is equal to 

T. 


(strict) '^{T*W,Vn){Vn,T*w) 
n=l 

A\\{T*w,T*w)\\ 

A\\T*wf 
Am‘^\\w\\^. 
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Proof. Since is a strict frame for M(i‘^{A)) (see Example 3.9), the 

preceding proposition implies that {vn)n defined by Vn = Te^'^\ n G N, is a 
strict frame for M{X). Its synthesis operator U* also satishes, by the last 
assertion of Theorem 3.12, for all n G N. This implies that U* 

and T coincide on coo(A). Since coo(A) is strictly dense in M{i‘^{A)) and 
both U* and T are strictly continuous (see Remark 3.2(d)), this is enough 
to conclude that U* = T. Uniqueness is evident. □ 

Next we show the reconstruction property of strict frames. 

Let X be a Hilbert A-module. Suppose that {vn)n is a strict frame for 
M{X) with the analysis operator U G M{M[X), M{A))). Then U*U is an 
invertible operator for which we have 

CXD 

U*Uy = (strict) E” n{vn,y), yyeM{X). 

n=l 

If we put U*Uy = V, this can be rewritten as 

OO OD 

V = (strict) ^ U„(Un, ([/*[/)“^u) = (strict) Vn{{U*U)~^Vn, v) 

n=l n=l 

for all V G M{X). Let Wn = {U*U)~^Vn, n G N. By the preceding corollary 
{wn)n is also a strict frame for M{X) that satisfies 

OO 

(22) u = (strict) u), Vu G M(X). 

n=\ 

If we denote by V the analysis operator of {wn)n then the above equality 
can we rewritten as U*V = I. This obviously implies V*U = I, so we also 
have 

OO 

(23) u = (strict) u), Vu G M(X). 

n=l 

By the last part of the proof of Theorem 3.12 the above two equalities 
give us, with the respect to the norm topology on X, 

OO OO 

(24) X = '^Vn{Wn,x) = '^Wn{Vn,x), Vx G X. 

n=l n=l 

In particular, if {vn)n is a strict Parseval frame for M(X), the above 
equalities reduce to 

OO 

(25) V = (strict) u), Vu G M(X), 

n=l 

and 

OO 

(26) i = Vn{Vn,x), Vx G X. 

n=l 
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Remark 3.15. If {xn)n is a frame for X, the reconstruction property from 
Theorem 1.2 shows that X is countably generated. Similarly, if {vn)n is 
a strict frame for M{X), the reconstruction formula (24) shows that X is 
countably generated by Vn’s and the only difference is that here the gener¬ 
ators (frame members) are elements of M[X) and need not belong to X. 
This property is introduced and discussed in [20]. By Definition 2.1 from 
[20], a Hilbert A-module X is countably generated in M{X) if there exists 
a sequence {vn)n in M{X) such that the set spanjunO : n G N, a G A} 
is norm-dense in X. It is proved in [20] that each Hilbert C^-module X 
that is countably generated in M{X) possesses a Parseval frame or an outer 
Parseval frame. Finally, the reconstruction property (26) for such frames is 
derived in Theorem 3.4 in [20]. 


Remark 3.16. Having obtained the reconstruction formulae for strict frames 
(in particular, (26)), we can now generalize the statement of Proposition 2.3 
in the following way: Let X be a Hilbert C'*-module. Then a sequence 
{vn)n of elements of M{X) is a strict Parseval frame for X if and only if the 
sequence has the property T = limN^ooT{Yln=i for 

each T in ]K(X). 

The proof is in fact the same as that of Proposition 2.3, so we omit the 
details. 

We are now ready to extend Proposition 3.1 to the non-unital case. To do 
that, we first show that the class of strict frames for the multiplier module 
M{X) consists precisely of all frames and outer frames for X. Let us start 
with the following technical result. 

Lemma 3.17. Let X and Y be Hilbert A-modules, and T G B(X, T). Let 
Tm G M{M{X),M{Y)) be the strict extension ofT. 

(a) If A and B are some positive constants, then 

(27) A\\xf <\\Txf < B\\xf, Va;GX, 
if and only if it 

(28) A\\v\\^ <\\Tmv\\^ <B\\v\\^, MveM{X). 

(b) T is a surjection if and only if Tm is a surjection. 

Proof. Let us prove (a). If M{X) = X, there is nothing to prove. Hence, 
we assume that M(X) / X. Obviously, (28) implies (27), so we only need 
to prove the converse. First we recall a useful result from Remark 3.2(a), 
namely 

(29) ||n|| = sup{||no|| : a G A, ||o|| < 1}, Vn G M{X). 
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By applying this formula to Umv E M{Y) for v E M{X), we get 

\\Umv\\ = sup{||(17Mt')a|| : a E A, ||a|| < 1} 

= sup{||[/M(^'a)|| : a E A, ||a|| < 1} 

(since va £ X) 

= sup{||[/(na)|| : a E A, ||a|| < 1} . 

Using the hrst inequality from the hypothesis we get 

( 29 ) 

||Um^^|| > V a sup{||ua|| : a E A, ||a|| <1} ='V A ||u||, 
while the second inequality from the hypothesis gives us 

||UMf|| < ''/B sup{||ua|| : a E A, ||a|| < 1} Vb ||u||. 

To prove (b) suppose hrst that T is a surjection. If M{Y) = Y then, 
trivially, Tm is a surjection. So, let us assume that M(Y) / Y, observe that 
T* is bounded from below and hence, by (a), that {T*)m is also bounded 
from below. Recall from Remark 3.2(d) that {T*)m = {Tm)*■ By the pre¬ 
ceding conclusion we know that (Tm)* is bounded from below; thus, Tm is 
a surjection. Suppose now that Tm is a surjection. Then {Tm)* = {T*)m is 
bounded from below. By (a), T* is also bounded from below which implies 
that r is a surjection. □ 

Theorem 3.18. Let X be a Hilbert A-module and {xn)n o sequence in 
M{X). Then {xn)n is a strict frame for M{X) if and only if {xn)n is a 
frame or an outer frame for X. 

Proof. If M{X) = X then, by Remarks 3.4 and 3.11, there is nothing to 
prove. So, let us assume that M{X) ^ X. One direction is proved in Propo¬ 
sition 3.10. 

Suppose {xn)n IS a frame or an outer frame for X with frame bounds 
A and B. Denote by ?7 E 1B(X,£^(A)) the corresponding analysis operator. 
Then U is bounded by y/B and bounded from below by y/A - if (x„)„ is a 
frame this is already observed in the introduction, and if {xn)n is an outer 
frame Proposition 3.6 applies. So, 

A||a:|p < llUxlP < i3||x|p, Vx E X. 

Let us now consider the extended operators Um E M{M{X), M{1“^{/\))) and 
{U*)m E M{M{i'^{A)), M{X)). By Lemma 3.17 we now know that 

A\\vf < \\UMvf < B\\vf, Vu E M{X), 

and {Um)* = {U*)m is a surjection. Observe that {U*)m&^'^'^ = Xn for all 
n E N. By Proposition 3.13, {xn)n is a strict frame for M{X). □ 


We are now in position to prove the key result of this section. 
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Theorem 3.19. Let X be a Hilbert A-module and let T G be 

a surjection. Then there exists a unique frame or outer frame (xn)n for X 
whose synthesis operator coincides with T. 

Proof. If A is unital, Proposition 3.1 applies. 

Assume that A is non-unital. By Lemma 3.17, Tm G B(M(£^(A)), M(X)) 
is also a surjection. By Corollary 3.14 the sequence (u„)n defined by = 
u G N, is a strict frame for M{X) whose synthesis operator is equal 
to Tm. By Proposition 3.10, {vn)n is a frame or an outer frame for X depend¬ 
ing on whether all v^s belong to X or not. Denote by U the corresponding 
analysis operator. 

By definitions of a frame and an outer frame, we have that {{vn,x))n G 
£^(A) for all X G X. By Proposition 3.6 (and the corresponding property of 
frames observed in the introduction) we know that U*{{an)n) = 'OnOn-, 

where this series converges in norm of X for all {an)n £ ^^(A). It follows 
from (19) that 

OO 

T{{an)n) = TM{{an)n) = ^ = U*{{an)n), V(an)„ G 

n=l 

□ 


The preceding theorem concludes our description of various classes of 
frames in terms of corresponding adjointable surjections (i.e., synthesis op¬ 
erators). The most important statements of this section and their mutual 
relations are shown in the diagram below. 



Remark 3.20. Observe the bottom row of the above diagram: Theorem 3.12 
and Corollary 3.14 establish a correspondence of strict frames for M{X) 
with adjointable surjections from M{i‘^{A)) to M{X). On the other hand, 
since M(A) is a unital C'*-algebra, frames for M{X) correspond, by Propo¬ 
sition 3.1, to adjointable surjections from to M{X). 
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It is clear from the definition of a strict frame that the class of strict 
frames for M{X) contains the class of frames for M{X). This reflects the 
fact that, in general, M(£^(A)) is larger than i‘^{M{A)). 

As an example of a strict frame which is not a frame for M{X) take again 
a strict Parseval frame {sn)n for M{K{H)) = M{H) from Example 3.5. To 
see that {sn)n is not a frame for M{H), suppose the opposite. Then we 
would have b = Sn{sn, b) = Yl’^=iPnb with the norm convergence for 

all b E M{H), which is obviously impossible. 


For reader’s convenience we include a short overview of the preceding 
considerations concerning various classes of frames and their interrelations. 

Let X ha a countably generated Hilbert A-module. 

• If X = M(X), i.e., if X is strictly complete (e.g., when A is unital or 
when X is AEG) then there are no outer frames for X (Remark 3.4), 
strict frames coincide with frames (Theorem 3.18) and each surjec¬ 
tion in ]B(.^^(A),X) is the synthesis operator of some frame for X 
(Theorem 3.19). 

• If X 7 ^ M(X) then, in particular, A is non-unital and X is not 
AEG. The class of all strict frames for M(X) consists of two disjoint 
parts which are the classes of all frames for X and all outer frames 
for X (see the diagram below). Moreover, if the multiplier module 
M(X) is countably generated itself, then the class of outer frames 
for X contains as a subset all frames for M(X). Each surjection in 
B(t'^(A),X) is the synthesis operator of some either frame or outer 
frame for X (Theorem 3.19). 



Strict frames for M{X) in the case X ^ M{X). 


Finally, we include for future reference an easy consequence of the pre¬ 
ceding results concerning Bessel sequences. The following corollary, together 
with Theorem 2.1 and Gorollary 3.7, establishes a bijective correspondence 
between Bessel and outer Bessel sequences in a Hilbert C'*-module X and 
adjointable operators from £^(A) to X. 
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Corollary 3.21. Let X be a Hilbert A-module and let T E ]B(£^(/4),X). 
Then there exists a unique Bessel sequence or outer Bessel sequence {xn)n 
in X whose synthesis operator coincides with T. 

Proof. If A is unital, put Te^^'> = n E N. Then, obviously, T*x = 
{{xn,x))n for all X E X, and, since T* is bounded, {xn)n is a Bessel se¬ 
quence whose synthesis operator coincides with T. 

If A is non-unital, put = Xn, n E N. Again, it follows that T*x = 

{{xn,x))n for all X E X. Moreover, ^n){xn, x) converges in norm 

for all X E X. From this we conclude that {xn)n is a Bessel sequence, which 
turns out to be outer if at least one x„ belongs to M(X) \ X. □ 

We end the section with some comments on finite frames vs. adjointable 
surjections from A'^, X E N, to the ambient Hilbert A-module X. 

Let us first extend Definition 3.3 to hnite sequences: if X is a Hilbert 
A-module, we say that a finite sequence {vn)n=i^ X E N, in M(X) is an 
outer frame for X if Xn E M(X) \ X for at least one n E {1,... , X}, and if 
there exist positive constants A and B such that 

N 

A(x,x) < ''^^{x,Vn){vn, x) < B{x,x), Vx E X. 

n=l 

The analysis operator U is defined as 

U:X^A^, Dx = ((u„,x))^=i. 

Its adjoint, the synthesis operator U* is given by 

N 

U (fli ) . . . ) ajq ) — ^ ^ VnOn ■ 
n=l 


Proposition 3.22. Let X be a Hilbert A-module. 

(a) If there exists a finite frame for X, then X is AFG and, in particular, 
there are no outer frames for X. 

(b) If there exists a finite outer frame for X then M{X) X, X is not 
AFG, and A is a non-unital C*-algebra. Moreover, then there are 
no finite frames for X and each finite outer frame for X is a frame 
for M(X). 

Proof. To prove (a), we only need to recall that, by Remark 3.2(a), M(X) = 
X when X is AFG. 

Similarly, if there exists an outer frame for X then, by definition, M{X) 

X and again Remark 3.2(a) implies that then X is not AFG and A is non- 
unital. To prove the last statement in (b) we can argue as follows. 

First, observe that M{A^) = M{A)^. Suppose that {vn)n=i is an outer 
frame for X, consider the analysis operator U E ]B(X, A^) and its extension 
Um G B(M(X),M(A)^). By Lemma 3.17, {Um)* G B(M(A)^, M(X)) is a 
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surjection. Let Wn = n = 1,..., A^. As in the proof of Proposi¬ 

tion 3.1, we easily conclude that {wn)n=i is a frame for M{X). We now claim 
that Wn = Vn for all n = 1,..., W To see this, take arbitrary n E {1,... , A"} 
and a E A. Then 

a = 

and 

= u„a. 

Thus, Wnd = Vnd and, since a was arbitrary, this is enough to conclude 

Wn = Vn- □ 

Proposition 3.23. Let X he a Hilbert A-module and T E B(A'^, A), A E N, 
a surjection. Then there exists a unique frame or outer frame {xn)n=i for 
X whose synthesis operator coincides with T. 

Proof. If A is unital let Xn = Te^'^\ n = 1,... A. Then, clearly, {xn)n=i is a 
frame for X whose synthesis operator is T. 

Suppose now that A is non-unital. Consider Tm E B(M(A)'^, M(A)) and 
put Xn = n = 1,..., a. Since, by Lemma 3.17, Tm is a surjection, 

{xn)n=i is a frame for M{X) by [2, Theorem 2.5]. There are now two 
possibilities: either each Xn belongs to A, or Xn E M(A) \ A for at least 
one n. 

Assume first E A for all n = 1,..., A. By the reconstruction property 
it follows immediately that M(A) C A; thus, in fact {xn)n=i is a frame for 
A and, in particular, A is AFG. 

In the remaining possibility, if there exists n such that Xn E M{X) \ A, 
{xn)n=i is an outer frame for A and, in particular, Proposition 3.22(b) 
applies. 

In both cases the corresponding synthesis operator coincides with T. □ 

Note that the situation described in Proposition 3.22(b) means that A, 
although not algebraically generated by finitely many elements, admits finite 
outer frames. It is not difficult to find examples of such Hilbert C'*-modules. 
In fact, every non-unital C'*-algebra A serves as a simple example of this 
kind. 

To see this, take any non-unital C^-algebra A and regard it as a Hilbert 
A-module over itself. Since ]K(A) = A is non-unital, A is not AFG as a 
Hilbert C'*-module, and therefore there are no finite frames for A. On the 
other hand, here the multiplier algebra M(A) plays the role of the multiplier 
module, so the unit element e E M(A) serves as a frame for M(A) and an 
outer frame for A. This is, indeed, obvious from the equality a = e(e, a) that 
is trivially satisfied for all a E A. 

Having obtained necessary results on outer frames we are now ready for a 
detailed study of various questions (such as dual frames, perturbations, tight 
approximations, etc) that are prominent for the frame theory. This is the 
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purpose of the second part of the paper. In our study we shall be interested 
primarily in countably generated Hilbert C^-modules and their frames, but 
as we shall see, outer frames will naturally appear into the picture. Hence 
the results that follow will be concerned with both frames and outer frames. 

It should be noted that some of that results are valid even for Hilbert C*- 
modules that are not countably generated (in the usual sense), but which 
are countably generated in M{X). 


4. Dual frames 

Dual frames for Hilbert C'*-modules were introduced and discussed in [10], 
Section 6, where the existence of canonical and alternate dual frames was 
established, and some of their fundamental properties were proven. 

Suppose that (xn)n is a frame for a Hilbert A-module X with the analysis 
operator U. Then we know that the sequence {yn)n = {{U*U)~^Xn)n is also 
a frame for X which satisfies x = Unixn, x) for all x ^ X. The frame 

{yn)n is called the canonical dual of (x„)„. If we denote its analysis operator 
by V then the preceding equality can be rewritten in the form V*U = I. 
It is now natural to try to describe all frames {zn)n for X that are dual 
to {xn)n in the sense that the equality x = ^n{xn, x) is satisfied for 

each X in X. If W denotes the analysis operator of {zn)n, this simply means 
W*U = I. 

Hence, the problem of finding dual frames of (x„)„ is closely related to the 
problem of finding solutions of the equation TU = I with T G ]B(I'^(A), X). 
Obviously, each T such that TU = / is surjective. When A is unital, we know 
by Proposition 3.1 that such T is the synthesis operator of some frame for 
X, and one immediately concludes (see Lemma 4.3 below) that the obtained 
frame is dual to {xn)n- 

The non-unital case is more complicated because among solutions of TU = 
I there might be adjointable surjections which are not synthesis operators 
of frames for X. However, by Theorem 3.19, such surjections are synthesis 
operators of outer frames for X, and it will turn out that each outer frame 
{yn)n obtained in that way also satisfies x = Yl’^=iyn{xn,x) for all x G X. 
(Indeed, outer duals do exist; see Examples 4.4 and 4.5 below.) 

Therefore, by solving the equation TU = / in B(I'^(A),X) we shall get 
synthesis operators of both frames and outer frames for X dual to a given 
frame. 

This suggests a need for a unified treatment of dual frames, without a 
priori distinguishing between frames and dual frames. 

Before embarking into our study, let us point out that here we shall restrict 
ourselves to (outer) frames and (outer) Bessel sequences. That is, we are not 
going to discuss general sequences that behave like duals to a given frame. 
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Recall that even in a Hilbert space in some situations there are sequences 
that are not even Bessel, but which are dual to a given frame. 

Throughout this section all our statements are concerned only with in¬ 
finite frames and outer frames. A short remark about the finite case is 
included at the end of the section. 

Further, if T is a complementable closed Hilbert C^-submodule of X (i.e., 
A = y 0 Y-^), we denote by Py G B(A) the orthogonal projection to Y. 
Recall that a closed Hilbert C*-submodule Y of A is complementable in 
A if and only if Y is the range of an adiointable operator (see e.g. [23, 
Corollary 15.3.9]). 

Let us start with a definition. 

Definition 4.1. Let A be a Hilbert A-module and {xn)n a frame or an outer 
frame for A. A frame or an outer frame (yn)n for A is said to be a dual to 
(Xn)n if 

oo 

(30) ^ yn(Xn, x) = X, Vx G A. 

n=l 

Remark 4.2. Let {xn)n and {yn)n be as in the above dehnition; denote by 
U and V the analysis operators of (xn)n and {yn)n, respectively. Then, 
obviously, (30) can be rewritten as 

(31) V*U = I, 
which is equivalent to 

(32) U*V = /, 
or 

CXD 

(33) ^ Xn{yn,x) = X, Vx G A. 

n=l 

Hence, as long as we work with frames and outer frames {not mere se¬ 
quences), equalities (30) to (33) are mutually equivalent, duality is a sym¬ 
metric relation, and we can say that {xn)n and {yn)n are dual to each other. 

Moreover, our first lemma will show, generalizing [13, Proposition 3.8], 
that the same is true for Bessel sequences and outer Bessel sequences. 

Lemma 4.3. Let X be a Hilbert A-module. If (xn)n o,nd {yn)n are Bessel 
or outer Bessel sequences in X with the analysis operators U and V, respec¬ 
tively, satisfying at least one of equalities (30) to (33), then {xn)n and {yn)n 
are frames or outer frames for X, they satisfy all equalities (30) to (33), 
and are dual to each other. 

Proof. First note, by Theorem 2.1 and Corollaries 3.7 and 3.21, that Bessel 
sequences and outer Bessel sequences correspond to adjointable operators 
from A to l'^(A), so that not only all four above equalities make sense, but 
also each of them implies the remaining three. 
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So, suppose that equalities (30) to (33) hold. From (31) we get that V* 
is a surjection. By Theorem 3.19, (yn)n is a frame or an outer frame for X. 
By invoking (32), the same argument applies to (xn)n- D 


If X is a strictly complete Hilbert C'*-module (i.e., if M{X) = X) our 
discussion on duality reduces to frames since then there are no outer frames. 
When M{X) ^ X, the situation is more complicated. If (x„)„ is a frame for 
X, its canonical dual is also a frame. On the other hand, if {xn)n is an outer 
frame for X, its canonical dual is also outer. Both statements follow from 
the fact that the {U*U)~^ acts bijectively on X. In general, a frame {xn)n 
for X may have outer dual frames. Indeed, in two examples that follow we 
demonstrate that: 

• each countably generated Hilbert C'*-module X such that M{X) ^ 
X has a frame which possesses an outer dual frame, 

• there exists a frame for a countably generated Hilbert C^-module X 
possessing an outer dual frame whose all elements are in M{X) \ X. 

Example 4.4. Let X be a countably generated Hilbert A-module that is not 
strictly complete, i.e., X ^ M{X). Take any Parseval frame {xn)’^=i for X. 
Let xo € X and yo G M(X) \ X be such that = 0 (for example, we 

can take xq = 0 and arbitrary yo £ M{X) \ X). Let y„ = x„ for n € N. 

Then (x„)^o is a frame for X, (yn)^o ^ri outer frame for X, and they 
are dual to each other since 

OO OO 

yn{Xn, x) = yQ{xo, x) + Xn(Xn, x) = X, Vx G X. 

n=0 n=l 


Example 4.5. Let {en)n be an orthonormal basis of a separable Hilbert space 
H. Denote by (-I-) the inner product in H. Consider IK = 'K{H) as a Hilbert 
K-module in the standard way. 

For i,j G N let ejj G M{H) be the 1-dimensional partial isometry defined 
by eij(0 = (Iki)fi) ? G iL. In particular, for each n G N, en,n is the orthog¬ 
onal projection to span{e„}. One easily verifies that eijCk^i = and 

e* j = Sj^i for all i,j, /c, / G N. 

Since (En=i ^e„,i,e„,i)7V = (En=i en,ie);^i)7v = (En=i en,n)iv is an ap¬ 
proximate unit for IK, Proposition 2.3 implies that (enp)n is a Parseval frame 
for K. 

Let {Hn)n be a sequence of closed infinite dimensional subspaces of H such 
that 0^1 Hn = H. For each n G N consider a partial isometry tn G M{H) 
such that N(t„) = spanjei} and R{tn) = Hn- Thus, tntn is the orthogonal 
projection to Hn for all n G N. By construction, tnGi^n = 0 for all n G N. As 
in Example 1.7 one verifies that the series E^i tntn^ converges in norm to 
a, for each a in IK. 
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Let yn = en,i + tn, n ^ N. Then for all a E K we have 

CXD OO CO CO 

^ ^ UniUni ®) — ^ ^ (Sn,! T ^n)(ci,n T ^n)® — ^ ^ (^n,n(^ T ^ ^ tntn^ — ^®) 

n=l n=l n=l n=l 

and since 0 K for every n E N, we conclude that {yn)n is an outer 2-tight 
frame for K. 

Finally, {yn)n and (en,i)n are dual to each other, since for all a E K 

OO OO OO 

^ ^ Uni^^n,!: 0,) — ^ ^ (Sn,! T tnjdljnO- — ^ ^ G.n,n^ — ®- 

n=l n=l n=l 


We now state our first result which describes all frames and outer frames 
that are dual to a given one. 

Theorem 4.6. Let {xn)n ® frame or an outer frame for a Hilbert A- 
module X with the analysis operator U. An operator V E B(X, is the 
analysis operator of a frame or an outer frame dual to {xn)n if o-nd only if 
V is of the form 

(34) V = U{U*U)-^ + {I- U{U*U)-^U*) L 
for some L E M{X, 1“^{A)). 

Proof. If {yn)n is a frame or an outer frame dual to (x„)„, i.e., if U*V = I, 
then (34) is fulfilled if we choose L = V. 

Conversely, if V is as in (34), then a straightforward verification shows 
that U*V = I and Lemma 4.3 applies. □ 

Remark 4.7. Suppose we are given a frame or an outer frame {xn)n for a 
Hilbert C*-module X. Denote the corresponding analysis operator by U. 

Let P = I- U{U*U)-^U* E Jg gg^gy p ^ p* ^ 

P^, and P{{an)n) = (on)n if and only if {an)n £ N(C/*). Since U has a closed 
range, R(f7) is complementable in and N([/*) = R(C/)“’‘. Therefore, 

(35) I-U{U*U)-^U* = P^^up. 

Observe that each V as in (34) consists of two terms. The first one is 
just the analysis operator of the canonical dual of {xn)n- The second term 
comes from an arbitrary adjointable operator L : X —)• f^(A) compressed to 
the submodule R(f7)“’- = N(C/*) which is a part of £^(A) of no relevance as 
far as the right inverse of U* is concerned. 


Corollary 4.8. Let (xn)n be a frame or an outer frame for a Hilbert A- 
module X with the analysis operator U. If {yn)n is a frame or an outer 
frame dual to {xn)n then 

OO OO 

(36) '^{x,{U*U)~^Xn){{U*U)~^Xn,x) < '^{x,yn){yn,x), 

n=l n=l 


Vx E W. 
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Proof. Let V be the analysis operator for {yn)n- For every x G X the left 
hand side of (36) is equal to 


Y,{x,iU*U)-^Xn){{U*U)-^Xn,x) 

n=l 


Y,{{U*U)-^X,Xn){Xn,iU*U)-^x) 

n=l 

{U{U*U)-^x,U{U*U)-^x) 

{{U*U)-^x,x), 


while the right hand side is {Vx,Vx) = {V*Vx,x). Therefore, (36) reads as 
(37) {U*U)-^ < V*V. 

By Theorem 4.6 and Remark 4.7, there is L G ]B(X,t'^(A)) such that V = 
U{U*U)~^+P-^^jj'^rL. Then a straightforward calculation shows that V*V = 
{U*U)~^ + L*Pyi(jj)xL, which obviously implies V*V > {U*U)~^. □ 


We note that the above corollary sharpens Proposition 6.5 from [10]. It 
shows that the frame coefficients of the canonical dual retain the minimality 
property even when outer frames are included into consideration. 

Theorem 4.6 enables us also to describe those frames and outer frames 
that possess Parseval duals. 

Corollary 4.9. Let {xn)n be a frame or an outer frame for a Hilbert A- 
module X with the analysis operator U. Then {xn)n admits a Parseval dual 
or an outer Parseval dual {yn)n if and only if there is T ^ such 

that U*U -I = 

Proof. Suppose (x„)„ admits a Parseval dual frame or outer frame {yn)n- 
If V is the analysis operator of (yn)n then, by Theorem 4.6, there exists 
L G Y ^ u{U*U)-^ + P^(p)±L. Then I = V*V = 

(U*U)~^ + L*P^^u^L, so, denoting T = L{U*U)^, we get 
U*U-I = {U*U)^{I - {U*U)-^){U*U)^ 

_ -' 7 "'* ID 'T' 

— ^ 

Conversely, suppose U*U — I = T*P^(^jj)±T for some T G ]B(X,^^(A)). 

Let V = U{U*U)~^ + Pj^('[/)xT(I7*t/)“T By Theorem 4.6, V is the analysis 
operator of some frame or outer frame {yn)n for X which is dual to {xn)n- 
Since 

V*v = {U*U)-^+ {U*U)-^T*P^(jjhT{U*U)-^ 

= {U*U)-"^I + T*P^YpT){U*U)-"^ 

= {U*U)-^U*U{U*U)-^ = I, 

{yn)n is a Parseval frame or an outer Parseval frame for X. □ 
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Remark 4.10. Hilbert space frames that possess Parseval duals are described 
in [12] and [1], see also [4]. It turns out that a frame {xn)n for a Hilbert 
space possesses a Parseval dual if and only if H > 1 and dimR(C/*C/ — I) < 
dimR(I7)-*-. (Here, as usual, A denotes a lower frame bound and U is the 
analysis operator.) Note that the later condition means that R(C/*C/ — I) 
can be isometrically embedded into R(I7)“'“. We note that these conditions 
are implied by Corollary 4.9. 

Indeed, \i U*U — I = then, obviously, U*U — I > 0 which 

implies A> 1. On the other hand, the equality U*U — I = T*P-^fjj'^±T can 

be rewritten as {U*U — I)^{U*U — 1)5 = T*P-^(jj^±T which gives us 

{{U*U - I)'2x, {U*U - /)5x) = {PniupTx, P^u^Tx) , Vx G X 

Using this equality, we can define a map cj) : K{{U*U — 1 ) 2 ) —)■ R(C/)-*- by 
— I)^x) = P-^^u^rTx. Clearly, is a well-defined isometry. Since, 

obviously, R(C/*C/ — /) C R((C/*C/ — 1 ) 2 ), we conclude that the above map 
(/) provides an isometrical embedding of R(C/*C/ — I) into R(C/)“’‘. 

Next we provide another description of all frames and outer frames that 
are dual to a given one. We shall use [4] as a blueprint. 

Proposition 4.11. Let X and Y he Hilbert A-modules. Let U G B(X, U) 
and T G B(y, X) he such that TU = /. Then 

(a) N(r) = R(/ - UT) = {I- C/r)(N(U*)) 

(b) Y = R{U) -i- N(T) (a direct sum), 

(c) LfT G B(y) is the oblique projection to R{U) along N(T). 

Proof, (a) From T{I — UT) = 0 we have R(/ — UT) C N(T). Conversely, 
y G N(T) => (/ — UT)y = y ^ y & R(/ — UT). This gives the first equality. 

To prove R(/—C/r) C (I—[/T)(N(C/*)) (the opposite inclusion is obvious), 
first observe that our assumption TU = I implies that U is bounded from 
below. Hence R{U) is a closed submodule of Y and Y = R(C/) 0 N(I7*). Let 
us now take arbitrary [I — UT)y G R(/ — UT), y GY. Then y = Ux + 2 ; for 
some X G X and 2 ; G N(C/*), so we have 

(/ - UT)y = {I- UT)Ux + (/ - UT)z = {I - UT)z G (/ - UT)(N(C/*)). 

(b) Let y G R(U) n N(T). Then y = Ux for some x G X and Ty = 0. 
Putting this together we get TUx = 0; thus, by assumption, x = 0. Hence, 
y = 0 and this shows that the intersection R(JJ) n N(T) is trivial. 

Let us now take arbitrary y G Y and write it, as in the preceding para¬ 
graph, in the form y = Ux + z with x G X and 2 ; G N(?7*). Then we have 
(again as before) (I — UT)y = (I — UT)z. This can be rewritten as 

(38) y = UTy + {I- UT)z. 

Since UTy G R{U) and (/ - UT)z G {I - UT)(N{U*)) = N(r), the proof is 
completed. 
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(c) Evidently, UT E B(y) satisfies UTUx = Ux for all Ux E R(f/), and 
UTy = 0 for all y E N(r). □ 

Proposition 4.12. Let {xn)n CLud {yn)n be frames or outer frames for a 
Hilbert A-module X that are dual to each other. Denote by U and V the 
corresponding analysis operators. Then 

(a) =r([/) + n(E*), 

(b) UV* is the oblique projection to R(?7) along N(R*), 

(c) =R(R)+N([/*), 

(d) VU* is the oblique projection to R(R) along 

Proof, (a) and (b) follow from the preceding proposition and the equality 
V*U = I, while (c) and (d) are obtained in the same way using the equality 
U*V = 1. □ 


Remark 4.13. Consider a frame or an outer frame {xn)n for a Hilbert A- 
module X with the analysis operator U. Let {yn)n be a frame or an outer 
frame dual to {xn)n] let V denotes the corresponding analysis operator. 
Then, by the preceding proposition, UV* is an obligue projection to R{U). 
In the special case when {yn)n is the canonical dual of {xn)n we have 

V = U(U*U)-^ and UV* = U(U*U)-^U* which is by Remark 4.7 the 
orthogonal projection to R(t/). So, in the light of the preceding proposition, 
this orthogonality is the exclusive property of the canonical dual among all 
frames and outer frames that are dual to {xn)n- 

The following theorem is a result similar to Theorem 4.6. It provides an¬ 
other characterization of analysis operators of dual frames and outer frames. 

Theorem 4.14. Let {xn)n be a frame or an outer frame for Hilbert A- 
module X with the analysis operator U. An operator V E B(X, is the 
analysis operator of a frame or an outer frame dual to {xn)n if and only if 

V is of the form 

(39) V = F*U{U*U)-^, 

where F E B(£^(A)) is an oblique projection to R{U) along some closed direct 
complement o/R([/) in£‘^{A). 

Proof. If {yn)n is a frame or an outer frame dual to {xn)n then its analysis 
operator V E B(X, ^^(A)) satisfies V*U = I so, by Proposition 4.12, £^(A) = 
R{U) -i-N(I/*) and UV* is the oblique projection to R{U) along N(R*). Let 
F = UV*. Then F*U{U*U)-^ = VU*U{U*U)-^ = V. 

To prove the converse, take V as in (39) and observe that FU = U. Then 
we have V*U = {U*U)-^U*FU = L □ 

We conclude this section with a discussion about frames and outer frames 
that have a unique dual. 
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Theorem 4.15. Let {xn)n be a frame or an outer frame for a Hilbert A- 
module X with the analysis operator U. Consider the following conditions: 

(a) m*) = {0}. 

(b) R(;7) = i‘^{A). 

(c) The canonical dual is the only dual (including both frames and outer 
frames) of {xn)n- 

Then (a) and (b) are mutually equivalent and imply (c). If X is full, (c) is 
equivalent to (a) and (b). 

Proof. Since = R(C/) © N(C/*), (a) and (b) are equivalent. Also, (b) 

together with Theorem 4.14 immediately implies (c). 

To prove the last statement, suppose that X is full and that (c) is satisfied. 
Recall from Theorem 4.6 that each adjointable operator L : X ^ £^(A) gives 
rise to a frame or an outer frame for X that is dual to {xn)n and whose 
analysis operator is given by 

V = U{U*U)-^ + (/ - U{U*U)-^U*) L. 

By (c), we now have (l — U{U*U)~^U*) L = 0 for all L G ]B(X,£^(A)), 
or equivalently, L = U{U*U)~^U*L for all L G ]B(X,t'^(A)). Recall from 
Remark 4.7 that U{U*U)~^U* is the orthogonal projection to R{U). Hence, 
the above conclusion means that each operator L G B(X, .^^(A)) takes values 
in R{U). 

Let us now take arbitrary x & X and j G N. Define ■ X —?■ t'^(A) by 
Lx,j{y) = (0,... , 0, (x, y), 0,...) (with {x,y) on j-th position). Obviously, 
Lx^j is an adjointable operator whose adjoint is given by L*^ ■{{an)n) = xaj. 
By the preceding conclusion, all Lxj take values in R{U). Since X is by our 
assumption full, this immediately implies that coo(A) C R{U). Since R{U) 
is closed, this gives us £^(A) C R{U) and hence R{U) = □ 


Here we need to make a comment on Theorem 3.10 from [13]. Namely, 
that theorem states that all three above conditions are equivalent without 
assuming that the ambient Hilbert module X is full over A. However, there 
is a gap in the proof of Theorem 3.10 from [13] and this is the reason why 
we decided to include the preceding theorem in the present paper. 

To show that the fullness assumption is really necessary in the proof of the 
implication (c) => (b) from Theorem 4.15, we provide the following example. 

Let B be a unital C^-algebra that is contained as a non-essential ideal in 
a unital C'*-algebra A. This means that B-*" = {a G A : aB = {0}} / {0}. 
Consider A = £^(B) as a Hilbert C*-module over A. Clearly, X is not full 
as a Hilbert A-module. Denote by e the unit element of B. Obviously, the 
sequence (e^^^)n is a Parseval frame for X. One easily concludes that the 
corresponding analysis operator U : X —>■ £‘^{A) acts as the inclusion; hence 
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R([/) = £^(B). This means that U is not a surjection and that R(C/)“’‘ = 
N{U*) is a non-trivial submodule of £^(A). 

However, has a unique dual frame (in fact, is, being Parse- 

val, self-dual). To prove this, recall that the analysis operator of each frame 
dual to (here there are no outer frame since A is unital) is given by 

V = U{U*U)-^ + {I- U{U*U)-^U*) L, 

where L : X ^ is an adjointable operator. We now observe that 

the Hewitt-Cohen factorization (Proposition 2.31 from [21]) forces each L 
to take values in R{U) = £^(B). Since, by Remark 4.7, I — U{U*U)~^U* is 
the orthogonal projection to R(f7)-*-, we have (/ — U{U*U)~^U*) L = 0 for 
each L G B(X, t'^(A)). This together with the fact U*U = I shows that the 
above equality reduces, for all L, to R = U. Hence, there is only one dual 
frame, namely itself. 

Let us now state several consequences of Theorem 4.15. 

Corollary 4.16. A full Hilbert A-module X which possesses a frame or an 
outer frame (x„)„ with a unique dual is unitarilly equivalent to 

Proof. If {xn)n is a frame or an outer frame for X which has a unique dual, 
then its analysis operator U G B(X,f^(A)) is invertible by Theorem 4.15, 
so the operator U{U*U)~^ G B(X,£^(A)) is unitary. □ 


Corollary 4.17. Let X be a full Hilbert C*-module over a non-unital C*- 
algebra A. Then every frame for X has at least two duals. 

Proof. Suppose there is a frame {xn)n for X with the unique dual. Let 
U G B(X, .^^(A)) be the corresponding analysis operator. By Theorem 4.15, 
U is a bijection. 

Regarding X as a Hilbert A-module, it is easy to verify that U can be 
regarded as an adjointable operator U G B(X, f^(A)) given by Ux = Ux, 
X G X. Then R(f7) = R(t7) = t'^(A). Since (/ is bounded from below, its 
range R{U) is closed in £^(A). So, being the range of an adjointable operator, 
a closed submodule £^(A) of t'^(A) must be complement able in .^^(A). But 
this is a contradiction since l'^(A)-*- = {0}. (Namely, if {bn)n £ l’^(A) belongs 
to £^(A)-*-, then for each m it holds bmO. = {{bn)n, (a^”^^)n) = 0 for all a G A. 
Since A is an essential ideal of A, it follows that bm = 0 for all m.) □ 


Remark 4.18. Corollary 4.17 does not hold for outer frames. Indeed, if A is 
a non-unital C*-algebra and X = ^^(A), then (efo^)^ is an outer frame for 
X whose analysis operator U is the identity, so by Theorem 4.15, (e^^) has 
a unique dual. 
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Remark 4.19. By Corollary 4.16 generalized Hilbert spaces with A 

cr-unital are, up to unitary equivalence, only countably generated Hilbert 
C'*-niodules that possess frames or outer frames with unique duals. If A 
is unital, is a Parseval frame for £^(A) with this property. If A is 

non-unital. Corollary 4.17 tells us that such frames in £^(A) do not exist, 
so we only have outer frames with unique duals. As the example from the 
preceding remark shows, is such an outer frame. 

For our last result of this section recall that each frame or outer frame 
{xn)n for a Hilbert C'*-module X possesses canonically associated Parseval 
frame or outer Parseval frame {yn)n- If U denotes the analysis operator of 
{xn)n, VnS are given by n € N. Here we must work with 

the extended operator Um if ixn)n is outer. If, on the other hand, G X, 
for all n G N, then the preceding equality reduces to i/n = {U*U)~2Xn G X, 
n G N. Observe that in both cases the analysis operator of {yn)n is given by 
U{U*U)-^. 

In the following corollary we consider a Hilbert C^-module over a unital 
C^-algebra (because of Corollary 4.17), so there are no outer frames. 

Corollary 4.20. Let X he a full Hilbert C* -module over a unital C*-algebra 
A. Suppose there exists a frame (xn)n with a unique dual. Let U he the 
analysis operator for {xn)n- Then the following statements hold: 

(a) The Parseval frame {yn)n canonically associated with {xn)n ho.s a 
unique dual and 

{ymym) — dfimCj '^m,n G N. 

(b) {xn,Xn) is invertible for every n. 

(C) IfY.n=l XnCin = 0 for some G A, n G N, then a„ = 0 for all n G N. 

Proof. By Theorem 4.15, ?7 is a bijection. Since A is unital, Xn = 

for every n G N. The analysis operator V = U{Lf*U)~2 for {yn)n is an 

isometry and a bijection, hence unitary, so 

{yn,ym) = = SnmC, ym,ne N. 

Further, 

e = {yn,yn) = {{U*U)~^Xn,Xn) < \\{U*U)~^\\{Xn, Xn) , Vn G N, 

SO {xn,Xn) is invertible for all n G N. 

Finally, if Xn^n = 0 for some sequence (a^jn in A, then we also 

have {U*U)~^{Y.'^=iXnan) = 0, i.e., = 0. Then for all m G N 

we have 

CXD OD OD 

0 — (ymi ^ ^ Vn^^n) — ^ Vn^n) ^ ^ ^mn^n 

n=l n=l n=l 


and (c) is proved. 


□ 
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We conclude this section with a remark concerning finite frames and outer 
frames and their duals. 

Remark 4.21. Let {xn)n=i be a frame or an outer frame for a Hilbert C*- 
module X. A frame or an outer frame {yn)n=i is said to be dual to {xn)n=i 
if J2n=i Unixn, x) = X for all X e X. 

Observe that the analysis operator U of {xn)n=i takes values in . It is 
easy to see that, with this difference, i.e., with playing the role of 
all the preceding results from this section survive. In particular, one can 
show that, for N gN, Hilbert C^-modules A^ have properties analogous to 
those of £^(A) discussed in Remark 4.19. We omit the details. 


5. Perturbations and tight approximations of frames 

In this section we study neighborhoods of frames and outer frames. In 
fact, our results will be stated in terms of neighborhoods of the correspond¬ 
ing analysis operators. 

There are several important results concerning perturbations of frames 
for Hilbert spaces (see [7] and references therein). Perturbations of frames 
for Hilbert C^-modules are considered in [14]. A remarkable property of any 
frame {xn)n for a Hilbert space is that one can always find a neighborhood 
of {xn)n (defined in terms of ^^-distance of sequences or in terms of the 
distance of analysis/synthesis operators) such that each sequence belonging 
to that neighborhood (i.e., sufficiently close to {xn)n) is also a frame. As 
usual, the situation is more complicated in the modular context. 

We begin with an example which shows that in any Hilbert C'*-module X 
such that M{X) 7 ^ A we can find a frame for X such that any neighborhood 
of its analysis operator contains an operator that is not the analysis operator 
of any frame for X. 

Example 5.1. Let A be a Hilbert A-module such that M(A) 7 ^ A and 
V € M(A) \ A such that ||u|| = 1. Take arbitrary e > 0. 

Let {xn)n be a frame for A. Then the sequence 0 ,xi,X 2 ,X 3 ,... is also a 
frame for A, and its analysis operator U G ]B(A,.^^(A)) is given hy Ux = 
{0, {xi, x), {x 2 , x), ...). Further, the sequence ev,xi,X 2 ,X 3 , ... is an outer 
frame for A and its analysis operator V G ]B(A,£^(A)) is given by Vx = 
{s{v, x), {xi,x), {x 2 ,x), ...). Observe that the operator V, being the analysis 
operator of an outer frame for A, is not the analysis operator of any frame 
for A. On the other hand, 

\\U — V\\ = sup{e||(u,x)|| : X G A, ||x|| < 1} < e||u|| = e. 

The above example suggests that, as in the preceding section, in order 
to obtain analogues of the classical results, one should include outer frames 
into the consideration. 
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We restrict our discussion to infinite sequences. Thereby, we shall un¬ 
derstand that finite frames {xn)n=i are extended to infinite sequences by 
adding infinitely many zero vectors. 

Theorem 5.2. Let {xn)n a frame or an outer frame for a Hilbert A- 
module X with the analysis operator U and the optimal lower frame bound 
A. Suppose that V G M{X, {A)) satisfies \\U — V|| < y/A. Then V is the 

analysis operator of a frame or an outer frame {yn)n for X such that 

\\xn - VnW < \\u - V\\ < VA, Vn G N. 

Proof. Let ||f7 — y|| = m < y/A. Then 

IlFxll > ||17x|| - \\Ux - l/x|| > Va\\x\\ — m||x|| = (VI — m)||x|| 

for all X G X. Thus, V is bounded from below and consequently, V* G 
B(£^(A),X) is a surjection. By Theorem 3.19, V* is the synthesis operator 
of a frame or an outer frame {yn)n for X defined by yn = n G N. 

Then, using Remark 3.2(d), for each n G N we have 

Wxn-yJ = ||(?/M-VM)*efo)|| = ||(t/*-W)Me(")|| 

< \\{U*-V*)m\\ = \\U*-V*\\ 

= \\u-v\\<^/a. 

Observe that the extended operators Um and Vm coincide with U and R, 
respectively, when A is unital. On the other hand, if A is non-unital and 
Xn or yn belongs to M{X)\X for some n, then the expression ||xn — 2/n|| is 
computed in the multiplier module M{X). □ 

Let us first note an easy consequence of this result. A similar result 
appeared in Theorem 3.16. of [15]. 

Corollary 5.3. Let {xn)n be a frame or an outer frame for a Hilbert A- 
module X with the analysis operator U and the optimal lower frame bound 
A. If jjxjH < V~A for some j, then {xn)n^j is a frame or an outer frame for 

X. 

Proof. Let us define a sequence {yn)n as yj = 0 and = Xn for n j. 
Since {xn)n is a frame or an outer frame for X, {yn)n is a Bessel sequence 
or an outer Bessel sequence. Let V G ]B(A,l'^(A)) be the analysis operator 
associated to {yn)n- Since ||(17 — V)x\\ = ||(xj,x)|| for all x G X, we have 
\\U - Fjj = \\xj\\ < VI, so by Theorem 5.2, {yn)n is a frame or an outer 
frame for X. Then obviously, {xn)n^j is also a frame or an outer frame for 
A. □ 

Remark 5.4. The open ball from Theorem 5.2 is the largest open ball around 
Lf with that property. Indeed, let us consider an orthonormal basis {en)n 
for a Hilbert space H as a frame for H] the analysis operator U is then 
an isometry and the optimal lower bound is A = 1. If we denote by V the 
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analysis operator of the Bessel sequence {0} U {en)n >2 (which is not a frame 
for H), then \\V — U\\ = 1 = V~A, so the boundary of the open ball around U 
with the radius vC4 contains an operator which is not the analysis operator 
of any frame (or outer frame) for H. 


At this point we need to make a comment on Theorem 3.2 from [14]. The 
second statement of that theorem may be rephrased as follows: 

Let (xn)n be a frame for a Hilbert C* -module X over a unital C*-algebra 
A with the analysis operator U and the frame bounds A and B. Suppose that 
{Vn)n is a sequence in X for which there exist constants Ai,A 2 ,/r > 0 with 
the properties 


(40) 

and 


max{Ai + A 2 } < 1, 


N N N N 

(41) iij:( ^ -^lll ^XnttnW + X2\\^ynan\\ + liWY^alanP , 

n=l n=l n=l n=l 

for all finite sequences (ai,..., otv, 0,0,...) G coo(A). Then {yn)n is also a 
frame for X. 

Clearly, one could easily deduce our Proposition 5.2 from this statement, 
at least in the unital case. Indeed, suppose we are given an operator V G 
||[7 -Y\\= Put Vn = n G N. Then, 

obviously, we have for each (ai,..., oat, 0, 0,...) G coo(A), 


N 

^ ^ (^Ti Vrij^n 
n=l 


N 

n=l 


which means that the sequence {yn)n satisfies (41) with Ai = A 2 = 0. Since 
/r < \/A, we also have (40); thus, by applying the above statement one could 
conclude that {yn)n is a frame for X. 


However, there is a gap in the proof of the above statement (i.e., the 
second part of Theorem 3.2. from [14]) and it is not clear how one can 
fix the proof presented there. Namely, that proof uses Lemma 2.7 and 
Proposition 2.8. from [14] which, as we have seen in our Example 1.5 and 
Remark 1.6, fail to be generally true. It seems that in order to obtain a 
result as in aforementioned Theorem 3.2 from [14], one should additionally 
include in the hypothesis that the sequence {yn)n is Bessel. 


We proceed with a remark that is known, but which we include for con¬ 
venience of the reader. 


Remark 5.5. Let {xn)n be a frame or an outer frame for a Hilbert A-module 
X with optimal frame bounds A and B. Let us describe A and B in terms 
of the associated analysis operator U. 
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First, by Theorem 2.8 and Remark 2.9 from [19] we conclude that the 
optimal upper frame bound B satisfies 

(42) VB = \\U\\ = min{M > 0 : \\Ux\\ < M||x||,x G X}. 

Further, writing the relation {Ux,Ux) > A{x,x),x G X, in an equivalent 
form {{U*U)~ 2 x,{U*U)~ 2 x) < ^{x,x),x G X (obtained by replacing x 
with {U*U)~2x), and then applying (42) we get 

\\{u*u)-^\ 

min{M > 0 : \\{U*U)-^x\\ < M||x||,x G X} 

(replace x with {U*U)^x and apply ||17x|| = \\{U*U)2x\\)) 

min{M > 0 : \\Ux\\ > ^||x||,x G X} 

(max{m > 0 : \\Ux\\ > m||x||,x G X})“^. 

(43) \/A = \\{U*U)~^\\~^ = max{m > 0 : ||17x|| > m||x||}. 

The following corollary provides another useful property of the open ball 
with the center in U that is considered in Theorem 5.2. 

Corollary 5.6. Let {xn)n be a frame or an outer frame for a Hilbert A- 
module X with the analysis operator U and the optimal lower frame bound 
A. Suppose thatV G M{X,i‘^{A)) satisfies ||17—R|| < y/A. ThenV*U G B(X) 
is an invertible operator. 

Proof. Put again \\U — V\\ = m < y/A. Then 

\\x-V*U{U*U)-^x\\ = \\U*U{U*U)-^x-V*U{U*U)-^x\\ 

= \\{U* -V*){U{U*U)-^x)\\ 

< m\\U{U*U)-^x\\ 

for all X £ X. By taking the supremum over the unit ball in X we get 

||/ - V*U{U*U)-^\\ < m\\U{U*U)-^\\. 

Since \\U{U*U)-Y = \\{U{U*U)-^)*{U{U*U)-^)\\ = \\{U*U)-^\ = we 
have 

\\I -V*U{U*U)-^\\ < ^ < 1. 

y/A 

This shows that V*U{U*U)~^ is an invertible operator. In particular, V*U 
is invertible as well. □ 


1 

71 


Therefore, 
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Remark 5.7. We say that frames or outer frames {xn)n and {yn)n for a 
Hilbert C^-module X with the analysis operators U and V are pseudodual 
if V*U is an invertible operator. When this is the case, we have, for each 
X € X, 

oo oo 

X = U*V{{U*V)-^x) = Y,Xn{yn,{U*V)-^x) = Y.Xn{{VliUM)-^yn,x). 

n=l n=l 

This shows that {xn)n and {{V^UM)~^yn)n are dual to each other. In an 
analogous way we conclude that {yn)n and Xn)n are also dual to 

each other. 

Given a frame or an outer frame {xn)n for a Hilbert A-module X, we 
now want to find a Parseval frame for X closest to (xn)m again measured 
in terms of distance of the corresponding analysis operators. As one might 
expect, a solution is the Parseval frame canonically associated with {xn)n, 
i.e., {yn)n, where Xn, n G N, and U is the analysis operator 

of {xn)n- Recall that {yn)n is outer if and only if {xn)n is outer; nevertheless, 
its analysis operator is always equal to U{U*U)~^. 

Proposition 5.8. Let (xn)n be a frame or an outer frame for a Hilbert A- 
module X with the analysis operator U and the optimal frame bounds A and 
B. If {yn)n is the Parseval frame canonically associated with {xn)n, then its 
analysis operator U{U*U )~2 satisfies 

U-U{U*Uy^ = maxjl - \/I,/b - l| . 

If {yn)n is any Parseval frame or outer Parseval frame for X, then its anal¬ 
ysis operator V satisfies 

\\U-V\\ > maxjl - l| . 

Proof. First, we have 

1 

U-U{U*U)-^ = (u -U{U*U)-^y (u -U{U*U)-^^ " 

= f " 

\ 

/ 1 \ 2 2 

= [i-{y*uy) 

= I-{U*U)^ 

= max 111 ~ \/I|,|1 -\/h|} 

= max 11 ~ i}. 
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To prove the second assertion, suppose that {yn)n is a Parseval frame or 
an outer Parseval frame for X. Then its analysis operator V E B(X,^^(A)) 
is an isometry, so we have 

\\Ux\\ > ||Px|| - ||Px - Ux\\ = ||x|| - ||Px - Ux\\ > (1 - \\U - P||)||x|| 

for all X E X. By (43) we get y/A > 1 — ||17 —1/||, that is, ||17 — P|| > 1 — y/A. 

On the other hand, = ||17|| < ||C/-P|| + ||P|| = ||17-P|| + 1, wherefrom 
\\U -V\\ > V^-1. Therefore, \\U-V\\ > max |l - v^, - l| . □ 


In a similar fashion we can find the distance of a given frame or outer 
frame {xn)n for X with the optimal bounds A and B to the set of all tight 
frames and outer tight frames for X. It turns out that this distance is equal 
to ^ 2 ^ - For Hilbert space frames this question was discussed in [11, 
Proposition 5.4]. 


Proposition 5.9. Let {xn)n be a frame or an outer frame for a Hilbert 
A-module X with the analysis operator U and the optimal frame bounds A 

Then Vq is the analysis operator of a 


and B. Let Vq = 








-tight frame or outer frame for X for which 


\\U-Vo 


^fB-^ 

2 


If {yn)n is any tight frame or outer frame for X with the analysis operator 
V, then 


U-V\\> 


y/B-VA 

2 


Proof. Suppose hrst that {yn)n is a frame or an outer frame for X whose 
analysis operator V is of the form V*V = for some scalar A > 0. Then, 
as in the preceding proof, we have 


\\Ux\\ > ||Px|| - ||Px - Ux\\ = A||x|| - ||Hx - Ux\\ > (A - \\U - P||)||x|| 
for all X E X, so by (43) we get y/A > A — ||17 — Pjj, that is, 

(44) \\U-V\\>X-VA. 

On the other side, y/B = ||C/|| < ||f7 — V\\ + ||P|| = ||f7 — V\\ + A; thus, 

(45) \\U-V\\>VB-X. 

Adding (44) and (45) we get jjC/ — Pjj > ^ 2 ^ - 

Consider now Vq = . An easy verification shows that 

Vq is the analysis operator of a frame or an outer frame {yn)n given by 

yn = {UMUM)~^Xn for re E N. Since VqVq = ^ vC4+v/b ^ 
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a tight frame or outer frame. Then, repeating (each particular step of) the 
computation from the beginning of the preceding proof we get 


r-^oii 


U - -— 


max 




y/B-y/A 


□ 


Remark 5.10. Observe that ’’the best tight approximation”, namely the 
frame or an outer frame from the preceding proposition, is actually Parseval 
if and only if y/A + y/B = 2. If this is the case the resulting distance is equal 
to 1 — y/A = y/B — 1 and this result is, for y/A + y/B = 2, in accordance 
with Proposition 5.8. 


6. Finite extensions of Bessel sequences 

Finite extensions of Bessel sequences to frames in Hilbert spaces are re¬ 
cently discussed in [3]. In this section we discuss the same problem in 
modular context. 

First note that each Bessel sequence in an AFG Hilbert G^-module X 
admits a finite extension to a frame: given a Bessel sequence (finite or 
infinite) in X it snffices to extend it by any finite set of generators for X. 
Thns, here we are interested primarily in countably generated Hilbert C*- 
modules which are not AFG. 

As before, our discussion will include both frames and onter frames. We 
shall first characterize (again in terms of analysis operators) those Bessel 
seqnences and outer Bessel sequences in a Hilbert G*-module X that admit 
finite extensions to frames or outer frames for X. After that, more specifi¬ 
cally, we shall describe Bessel sequences and onter Bessel sequences which 
allow finite extensions to Parseval frames or onter Parseval frames. 

A related, bnt more restrictive question we address is the following: given 
a Bessel seqnence in X, does there exist its finite extension to a frame for 
X? We shall find necessary and sufficient conditions under which one can 
extend a given Bessel sequence to a frame by adding finitely many elements 
of X. This is, indeed, a stronger property; we shall see in Example 6.3, that 
there are Bessel sequences that do not admit finite extensions to frames, but 
which do admit finite extensions (by elements of M{X)\X) to outer frames. 

We begin with our most general result on finite extensions. 
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Theorem 6.1. Let {xn)^=i be a Bessel or an outer Bessel sequence in a 
Hilbert A-module X with the analysis operator U. Then there is a finite 
extension of {xn)n to a frame or an outer frame for X if and only if there 
exist V e B(X,£^(A)) and 6 E ¥{M{X)) such thatI-V*U = e\x. 

Proof. Suppose that a Bessel sequence {xn)n admits a finite extension to a 
frame or an outer frame for X. Let fi,..., fx E M{X), E N, be such that 
{fn)n=i'^{xn)^=i IS a frame or an outer frame for X. Let Ui, F E B(X, £^(A)) 
be analysis operators of Bessel or outer Bessel sequences {fn)n=i U (a^n)^i 
and {fn)n=i U ( 0 ) 5^1 respectively (so, in the later case we have f^s followed 
by infinitely many zeros). Obviously, Ui = F S^U, where S denotes the 
unilateral shift on 

Let us take any frame or outer frame dual to {fn)n=i 0 {xn)’^=i, and 
write it, for convenience, as {gn)n=i O Let G,V,Vi E B(X, t'^(A)) 

be the analysis operators of the Bessel sequences or outer Bessel sequences 
i9n)n=i 0 (0)^1, and ign)n=i 0 respectively. Again, Bi = 

G + S^V. 

Since {gn)n=i O {yn)’^=i and {fn)n=i O {xn)'^=i are dual to each other, it 
follows VfUi = I. Since, obviously, G*S^ = 0 and {S^)*F = 0, we have 

I = {G + S^Vy{F + S^U) 

= G*F + v*{s^yF + G*s^u + v*{s^ys^u 
= G*F + V*U, 

that is, I - V*U = G*F. Let 9 E F(M(A)) be defined as 9 = 9g^j^. 

Then 

N N 

G*F{x) = J29n{fn,x) = J2^9n,fu{x) = 9{x), Vx E A, 

n=l n=l 

so we conclude that I — V*U = 9\x. 

Conversely, suppose there is 1/ E B(A,t'^(A)) and 9 E F(M(A)) such 
that I — V*U = 9\x. Let fi, ■ ■ ■, fx, gi, ■ ■ ■, gN £ M{X) be such that 9 = 
Z]n=l ^9n,fn- By Corollary 3.21 there is a Bessel sequence or an outer Bessel 
sequence {yn)n such that V is its analysis operator. Then the sequences 
{fn)n=i U {xn)yLi and {gn)n=i U are also Bessel or outer Bessel 

sequences. Let F, G, U\, Vi be as before. The same computation shows that 

VfUi = G*F + V*U = 9\x + V*U = I, 

so, by Lemma 4.3, {fn)n=i U {xn)n=i and {gn)n=i U {yn)n=i are frames or 
outer frames for X. □ 

In the same way one proves the following corollary which concerns finite 
extensions of a Bessel sequence by elements of the original Hilbert C*-module 
X (i.e., without using elements from M{X) \ X) in which case we end up 
with a frame for X. 


FRAMES AND OUTER FRAMES FOR HILBERT C*-MODULES 


51 


Corollary 6.2. Let {xn)'^=i be a Bessel sequence in a Hilbert A-module 
X with the analysis operator U. Then there is a finite extension of {xn)n 
to a frame for X if and only if there exists V E M{X,l‘^{A)) such that 
I-V*U E ¥{X). 

The above property of a Bessel sequence is more restrictive than that 
from Theorem 6.1. To see this, we demonstrate an example of a Bessel 
sequence that does not allow a finite extension to a frame, but which does 
have (many) finite extensions to outer frames. 

Example 6.3. Take a separable inhnite-dimensional Hilbert space H and 
consider X = 'K{H) as a Hilbert ]K(//)-module in the standard way. Let 
i^n)n be an orthonormal basis for H. For each n E N denote by the 
orthogonal projection to spanjen}. Further, put Hi = span{e 2 n-i : n E N} 
and H 2 = span{e 2 n : re E N}. If we denote by pi and p 2 the corresponding 
orthogonal projections then, obviously, pi + P 2 = e, where e denotes the 
identity operator on H. 

Consider now the sequence {xn)n in X defined by Xn = e 2 n for all re E N. 
For each a £ X we have 

CO CO 

^(o, Xn) {xn, n) = a*e 2 na = a*p 2 a, 

n=l n=l 

with the convergence in norm, so by Proposition 2.1, {xn)n is a Bessel se¬ 
quence in X. Let U be its analysis operator. 

Let us first show that {xn)n does not admit a finite extension to a frame 
for X. To prove this, suppose the opposite. Then by Corollary 6.2, there 
exist fi,..., fj\f, gi,..., qn E X for some iV E N, and an operator V E 
B(X, i‘^{'K{H))) (which is the analysis operator of a Bessel or an outer Bessel 
sequence {yn)n in X) such that I — V*U = ^fn,gn- This means that 

CXD N 

a-'^yn{xn,a) = '^fn{gn,a), Va E X 

n=l n=l 

Denote b = ^^^=1 fn9n observe that b £ X = K{H). Now the preceding 
equality can be rewritten as 

CO 

a - ^ yne 2 na = ba, Va E X. 

71=1 

In particular, if a is any operator in 'K{H) whose range is contained in Hi, 
we have a = ba. This in turn implies b€ 2 n-i = ^ 2 n-i for all re E N wherefrom 
we conclude that a closed inhnite dimensional subspace Hi of H is contained 
in the range of a compact operator b, which is a contradiction. 

Next we show that (xn)n can be extended to an outer frame for X by 
adding a single vector from M{X) \ X. Namely, if c E M(X) = M{H) is 
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invertible, then cc* > ipprp-e, so 

oo ^ 

(a, c)(c, a) + ^^(a, Xn}{xn, a) > {a, c){c, a) = a*cc*a > ^ a*a 

n=l II 

for all a G X. Thus, c,xi,X2, ■ ■ ■ is an outer frame for X. 

Moreover, {xn)n can be extended to an outer Parseval frame for X, again 
by adding just one vector from M{X) \ X. Indeed, we have for each x G X 

OO 

{a,pi){pi,a) + ^ a*e2na = a*pia + a*p2a = a*a 

n=l 

so the sequence pi,xi,X2, X3, ... is an outer Parseval frame for X. 

Our next goal is to describe those Bessel sequences that admit finite 
extensions to Parseval frames. Note that this question, in contrast to the 
preceding one, is non-trivial even for AFG Hilbert C'*-modules. First we 
need some auxiliary results. We begin with a lemma which is a variant of 
Lemma 5.5.4 from [22]. 

Lemma 6 . 4 . Let X be a Hilbert A-module. Let x G X and a G A be such 
that 0 < a < {x,x). Then there exists z G X such that a = {z, z). 

Proof. Let v G X he such that x = v{v, v). Let y = v{v, v) 4 . Then 

{y^y}'^ = {v,v)^{v,v){v,v)^{v,v)i{v,v){v,v)^ = {v,v)^ = {x,x). 

Write {y, y) = c. Then we have 0 < a < c^. Put 

1 x_i i 

On = (c H—e) 2 a 2 , n E N. 
n 

Here e denotes the unit in A or in A, but in both cases b^ G A for all n. 
Then for all m, n E N, n > m we have 


ll&n - bm\\^ = \\{bn - bm){bn “ 6^)* 



The sequence {fn)n, fn{t) = t{t + ^) 2 is an increasing sequence of pos¬ 
itive continuous functions that converges pointwise for t G [0, ||c||] to the 
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continuous function f{t) = y/i. By Dini’s theorem {fn)n converges to / 
uniformly on [0, ||c||]; hence, 


(46) 


1- ( 1 \ i 

hm c c H—e | = . 

n^oo v n 


Now the above computation shows that {bn)n is a Cauchy sequence in A. Put 
b = liuin^oobn- Then we have {y,y)^b = lim„^oo(y,y)and b*{y,y )2 = 
lim„^oo&n(y,y)2 which implies b*{y,y)b = \imn^oobn{y,y)bn, that is, 

(47) {yb, yb) = lim {ybn,ybn). 

n^oo 

On the other hand. 


|a - {ybn,ybn)\\ = I|a - b*^{y,y)br, 


a — a 2 { c -\—e c cH—e| 02 

n J V n 


a 2 ( e — c ( c -\—e 
n 


-i\ 2 


02 ( e — c ( c —e 
n 


i\ * 

1 I 1 

02 |e — c(cH—e 
n 


02 I e — c I c 4—e 
n 


1 \ * 
—1\ 2 


—1\ 2 


e — c 1 c H—e 
n 


—1\ 2 


o I e — c 1 c H—e 
n 


—1\ 2 


< 


c I e - c 1 c H—e 
n 


-V 


1 c H—e 
n 


-1 


It follows from (46) that lim„^ooC^(c+ ^e)“^ = (?. Hence, the above 
computation shows that lim„^oo(2/^n, 2/^n) = a- This, together with (47), 
gives us {yb, yb) = a. Put z = yb. □ 


Proposition 6 . 5 . Let X be a Hilbert A-module and o G A, o > 0, such that 
a = Vn) for some At G N and ui, ..., un, vi,.. . ,vn G X. Then 

there exist xi,... ,xn G X such that a = ^n)- 

Proof. It follows from the polarization formula and self-adjointness of o that 
N N 

4o = '^{Un + Vn,Un + Vn) - '^{Un “ Vn,Un - Vn), 

n=l n=l 
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wherefrom we get 


(48) 


N 


11 1 , 


n=l 


Let Xj\f = ®n=iX be a direct sum of N copies of X, which is a Hilbert 
A-module with the inner product defined by {x^y) = '^n=i(^ri,yn), where 
X = {xi,.. .,xn) and y = {yi ,... ,2/Ar). 

If we denote u = {^ui + , ^un + ^vn), then (48) reads as 0 < 

a < {u,u). By Lemma 6.4, applied in X]\f, there exists z G Xn such that 
a = {z, z). If we put z = (xi,..., xat) then a = J2n=ii^ri, Xn)- □ 


Regarding a right Hilbert A-module X as a left Hilbert ]K(X)-module we 
immediately get the following corollary. It refines the statement of Corol¬ 
lary 2.6 in a natural way. 

Corollary 6.6. Let X be a Hilbert A-module and T G F(X) such that T > 0. 
Then there exist X G N and xi,..., xat G X sueh that T = Yln=i 

We are now ready to characterize Bessel sequences and outer Bessel 
sequences in Hilbert C*-modules that admit finite extensions to Parseval 
frames or outer Parseval frames. 

Theorem 6.7. Let (xn)^i be a Bessel or an outer Bessel sequence in a 
Hilbert A-module X with the analysis operator U and the optimal Bessel 
bound B. Then there is a finite extension of {xn)n to a Parseval or an outer 
Parseval frame for X if and only if and there exists 9 G F(M(X)) such that 
I-U*U = 9\x andB < 1. 

Proof. Suppose there exists a finite sequence {fn)n=i ™ M{X) such that 
{fn)n=i C {xn)ffLi is a Parseval frame or an outer Parseval frame for X. 
Then for every x G X it holds 

N OO 

(49) ^(x,/„)(/„, x) -h '^{x,Xn){Xn,x) = (x,x). 

n=l n=l 

This implies ^n) {xn, x) < (x,x) for all x G X, so B < 1. Further, if 

we denote 9 = Yln=i ^fnju ^ ®*'(-^(^))) (49) gives ns 9\x + U*U = I, 

that is, I-U*U = 9\x. ’ 

Conversely, suppose B < 1 and I — Lf*U = 9\x for some 9 G F(M(X)). 
Since U*Lf < B ■ I = I we have I — U*Lf > 0. Then its extension Im(x) ~ 
Lff^LfM is positive and Im(x) ~ U^Um = 9, so we can apply Corollary 6.6 

to M(X) and Im{x) - U^Um- Therefore, Lm{x) - UmUm = En=i ^UJu for 
some X G N and /i,..., /iv G M(X). Now /m(x) = UI,Um + Eli 
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gives US 

N oo 

fn){fn,x) + '^{x,Xn){Xn,x) = {x,x), Vx E X 
n=l n=l 

Hence, {fn)n=i ^ {xn)'^=i is a Parseval frame or an outer Parseval frame for 
X depending on whether all fnS are in X or not. □ 

The following corollary is concerned with Bessel sequences and their fi¬ 
nite extensions to Parseval frames (so, again, as in Corolarry 6.2 we are 
now interested only in extensions obtained by finitely many elements of the 
original module X). It is convenient to split the statement into two cases: 
when X is not AFG, and when X is AFG. 

Corollary 6.8. Let X be a Hilbert A-module. Let {xn)’^=i be a Bessel 
sequence in X (either finite or infinite) with the analysis operator U and the 
optimal Bessel bound B. 

(a) If X is not AFG, then {xn)n is finitely extendable to a Parseval 
frame for X if and only if I — U*U E F(X) and B = 1. 

(b) If X is AFG, then (x„)„ is finitely extendable to a Parseval frame 
for X if and only if B < 1. 

Proof. First, in the same fashion as in the preceding proof we obtain in both 
cases: {xn)n is finitely extendable to a Parseval frame for X if and only if 
I — U*U = 0 E F(A) and B < 1. We now proceed by specific arguments in 
each of the above two cases. 

(a) Suppose X is not AFG and {xn)n has a finite extension to a Parseval 
frame for X. Then I — Lf*U is non-invertible in B(X), since otherwise we 
would have 

I = {i- u*u)-\i - u*u) = (I - u*u)-^e, 

which, by the ideal property of F(A), gives I E F(Ai). But this would imply 
that X is AFG, contrary to our assumption. Now, non-invertibility of I — 
U*U means that 1 E a{U*U), so B = \\U*U\\ > 1. 

(b) Suppose X is AFG and {xn)n has a finite extension to a Parseval 

frame for X. Here we observe that a general condition I — U*U E F(Ai) 
obtained at the beginning of the proof is automatically satisfied. Indeed, 
since X is AFG, we have B(X) = ]K(X) = F(X), so I-U*U e F(X) for all 
U GM{X,f{A)). □ 

Remark 6.9. Recall that it can happen that X is not an AFG Hilbert A- 
module, but M{X) is an AFG Hilbert M(A)-module. (As an example, one 
can take X = A, where A is a non-unital C^-algebra). In such cases, each 
Bessel sequence or an outer Bessel sequence with the optimal Bessel bound 
B < 1 admits a finite extension to an outer Parseval frame for X. To see 
this, denote the corresponding analysis operator by U. Then, since M{X) 
is an AFG module, {I — Lf*U)M £ B(M(X)), so the remaining condition 
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from Theorem 6.7, namely I — U*U = 6\x for some 6 € ¥{M{X)) is also 


satisfied. 


On the other hand, such sequences cannot allow finite extensions to Par- 
seval frames because of i? < 1 (see Corollary 6.8(a)). 

We conclude with an application of Corollary 6.8. 

Corollary 6.10. Let A be a non-unital a-unital C*-algebra. Let {an)n be 
a sequenee in A such that for all a G A the series (L^ana^a converges 

in norm and || — ll®ll- Then the series strictly 

converges to an element f G M{A) such that f < e. Moreover, if e — f G A, 
then there exists b G A, b > 0, such that the sequence {b + Yln=i ^nO-n)N is 
an approximate unit for A. 

Proof. Consider A as a Hilbert A-module. Since A is non-unital and cr-unital, 
A is countably generated and not AFG. 

First, let us prove that the series o-nO^n i® strictly convergent. By the 

first assumption, the series X]^i(®Wn)(an) o) converges in norm for every 
a G A. By Theorem 2.1, {an)n is a Bessel sequence in A. If t/ G B(A,.^^(A)) 
is its analysis operator, then U*U G ]B(A) is given by 


OO 


OO 



(50) 


Va G A. 


Thus, the series OnOnO converges in norm for all a G A. By taking 

adjoints, we conclude that the series A*ana*n is also norm-convergent 

for all a in A. In other words, there exists / = (strict) £ M(A). 

From this we conclude that U*Ua = fa for all a G A. 

Now, assuming that e — / G A, we shall prove that (on)n is a Bessel 
sequence in A that admits a finite extension to a Parseval frame for A. 

First, recall that ]K(A) = F(A). Therefore, the equality (/ — U*U)a = 
(e — f)a, a G A, since e — / G A, implies that L — U*U G F(A). 

Since A is non-unital, each operator from F(A) is non-invertible; in par¬ 
ticular, L — U*U is non-invertible, so 1 G a{U*U) and then ||[/|| > 1. By 
(50) and the second assumption of the corollary, ||17|| < 1, so ||t/|| = 1. 

By Corollary 6.8(a), there exists a finite sequence {bn)n=i i^i A such that 
ibn)^=i U (ttn)^! is a Parseval frame for A. Denote b = Yl^=i bnhn- Since 
K(A) and A are isomorphic as C'*-algebras, by Proposition 2.3 the sequence 

+ E;=1 a*)AT, as a subsequence of an approximate unit for A, is itself 

an approximate unit for A. □ 
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